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Abstract
We introduce and study the category of twisted modules over a trian-
gular differential graded bocs. We show that in this category idempotents
split, that it admits a natural structure of a Frobenius category, that
a twisted module is homotopically trivial iff its underlying complex is
acyclic, and that any homotopy equivalence of differential graded bocses
determines an equivalence of the corresponding homotopy categories of
twisted modules. The category of modules over an A∞-algebra is equiv-
alent to the category of twisted modules over a triangular differential
graded bocs, so all the preceding statements lift to the former category.
1 Introduction
There is some analogy between the theory of modules over bocses and the theory
of A∞-modules over an A∞-algebra. This can be noticed, for instance, in the
fact that the morphisms f : M−−→N of modules over a given triangular bocs
can be handled as pairs (f0, f1) of morphisms, where the properties of the
first component f0 : M−−→N reflect on the properties of the whole morphism
f , similarly, the properties of a morphism g : M−−→N of A∞-modules over a
given A∞-algebra depend on the properties of the first component g1 : M−−→N .
For instance, the natural exact structure on the category of modules of a
given triangular bocs is determined by the first components of morphisms, while
in the category of modules over a given A∞-algebra the natural exact structure
is determined by the first components of morphisms.
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Motivated by this analogy, we work here with the natural notions of differ-
ential graded bocses and their category of twisted graded modules, as defined
below in (2.1) and (2.5). The study of these algebraic structures led us to
simpler proofs of some well known facts on categories of A∞-modules.
In order to describe more precisely our constribution, let us fix some notation
and recall some well known concepts. Throughout this article, we denote by k
a fixed ground field, which will act centrally on any k-algebra and on any k-
k-bimodule we consider. We also fix a finite-dimensional semisimple k-algebra
S. Moreover, we ask that S ⊗k S
op is also semisimple. This holds, for instance
when k is a perfect field or if S is a finite product of copies of the ground field.
We will make explicit any further requirement on S, when needed. We consider
S as a Z-graded k-algebra concentrated at degree 0.
We will consider graded right S-modules (or graded left S-modules, or graded
S-S-bimodules) M , so M is equipped with a direct sum decomposition
M =
⊕
j∈Z
Mj
of right S-submodules Mj (resp. left S-submodules, or S-S-subbimodules).
The elements x ∈ Mj are called homogeneous of degree j, and we indicate this
fact by |x| = j. Given two graded right S-modules, a homogeneous morphism
f : M−−→N of degree |f | = d satisfies that f(Mj) ⊆ Nj+d, for any j ∈ Z. We
denote by HomdGMod-S(M,N) the space of homogeneous morphisms of graded
right S-modules f : M−−→N of degree d. Then, we have the graded category
GMod-S of graded right S-modules with hom spaces
HomGMod-S(M,N) =
⊕
d∈Z
HomdGMod-S(M,N).
Similarly, we have the graded category GMod-S-S of graded S-S-bimodules.
The tensor product M ⊗S N of two graded objects M and N is equipped
with the standard grading given by the homogeneous components
(M ⊗S N)j =
⊕
s+t=j
Ms ⊗S Nt.
Assume that f : M−−→N is a homogeneous morphism of graded right
S-modules and g : M ′−−→N ′ is a homogeneous morphism of graded left S-
modules. Then, their tensor product f ⊗ g is the homogeneous linear map
M⊗SM
′−−→N⊗SN
′ of degree |f⊗g| = |f |+ |g| defined, for any homogeneous
elements x ∈M and y ∈M ′, by the following formula.
[f ⊗ g](x⊗ y) := (−1)|g||x|f(x)⊗ g(y).
So, if f : M−−→N , h : N−−→L are morphisms of graded right S-modules, and
g :M ′−−→N ′, t : N ′−−→L′ are morphisms of graded left S-modules, we have
(h⊗ t)(f ⊗ g) = (−1)|t||f |hf ⊗ tg.
Now we recall some basic definitions of the theory of A∞-algebras.
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Definition 1.1. An A∞-algebra A is a graded S-S-bimodule A, equipped with
a sequence of homogeneous morphisms of S-S-bimodules
{mn : A
⊗n−−→A}n∈N,
where each mn has degree |mn| = 2−n, such that, for each n ∈ N, the following
Stasheff identity holds.
Sn :
∑
r + s + t = n
s ≥ 1; r, t ≥ 0
(−1)r+stmr+1+t(id
⊗r ⊗ms ⊗ id
⊗t) = 0.
Given twoA∞-algebras (A, {mn}) and (B, {m
′
n}), amorphism of A∞-algebras
f : (A, {mn})−−→(B, {m
′
n}) is a family of homogeneous S-S-bimodule mor-
phisms {fn : A
⊗n−−→B}n∈N such that each fn is homogeneous of degree
|fn| = 1− n and the equality Σn = Σ
′
n holds for all n ∈ N, where
Σn =
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)r+stfr+1+t(id
⊗r ⊗ms ⊗ id
⊗t),
Σ′n =
∑
1 ≤ r ≤ n
i1 + · · · + ir = n
(−1)sgn(i1,...,ir)m′r(fi1 ⊗ · · · ⊗ fir ),
where i1, . . . , ir ≥ 1 and
sgn(i1, . . . , ir) = (r− 1)(i1− 1)+ (r− 2)(i2− 1)+ · · ·+2(ir−2− 1)+ (ir−1− 1).
Given two morphisms of A∞-algebras f : A−−→B and g : B−−→C, their
composition g ◦ f : A−−→C is the family (g ◦ f) = {(g ◦ f)n}n∈N defined, for
each n ∈ N, by
(g ◦ f)n =
∑
1 ≤ s ≤ n
i1 + · · · + is = n
(−1)sgn(i1,...,is)gs(fi1 ⊗ · · · ⊗ fis).
The preceding notions give rise to a k-category Alg∞ of A∞-algebras with
morphisms of A∞-algebras. There is a well known full and faithful functor
Ψ : Alg∞−−→DGCoalg, where DGCoalg denotes the category of differential
graded S-coalgebras, which has been used successfully to study the category
Alg∞, see [6], [7] and their references. The functor Ψ is given by the bar
construction: it maps each A∞-algebra (A, {mn}) onto its reduced tensor S-
coalgebra TS(A[1]), equipped with a differential δ induced by the family {mn},
see [6](3.6).
There is some notational difference with [6] and [7], which is a minor one as
explained by the following.
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Lemma 1.2. Let A be a graded S-S-bimodule equipped with a sequence of ho-
mogeneous morphisms of S-S-bimodules {mn : A
⊗n−−→A}n∈N. For n ∈ N,
define
m′n := (−1)
n(n−1)
2 mn.
Then, the equation Sn appearing in the last definition holds iff the following
equation holds
S′n :
∑
r + s + t = n
s ≥ 1; r, t ≥ 0
(−1)rs+tm′r+t+1(id
⊗r ⊗ms ⊗ id
⊗t) = 0.
Moreover, if we make
Zn =
∑
r + s + t = n
s ≥ 1; r, t ≥ 0
(−1)r+stmr+t+1(id
⊗r ⊗ms ⊗ id
⊗t)
and
Z ′n =
∑
r + s+ t = n
s ≥ 1; r, t ≥ 0
(−1)rs+tm′r+t+1(id
⊗r ⊗m′s ⊗ id
⊗t),
we have that
Z ′n = (−1)
n(n−1)
2 Zn.
Proof. By definition,
Z ′n =
∑
r + s + t = n
s ≥ 1; r, t ≥ 0
(−1)rs+t(−1)
(r+t+1)(r+t)
2 (−1)
s(s−1)
2 mr+t+1(id
⊗r ⊗ms ⊗ id
⊗t).
The non-negative integers r, s, t satisfy r + s + t = n and s ≥ 1. Then, our
statement follows from the next congruence modulo 2
rs+ t+
(r + t+ 1)(r + t)
2
+
s(s− 1)
2
≡ r + st+
n(n− 1)
2
.
Thus, the choice for the signs in the formulas we made in the last definition,
which is also adopted by other authors, is not essential. It will reflect on some
signs in the formulas involving A∞-objects.
Definition 1.3. Let A = (A, {mn}) be an A∞-algebra. Then, a graded right
S-moduleM is called a right A∞-module over A iffM is equipped with a family
{mMn }n∈N of morphism of right S-modules such that, each map
mMn :M ⊗A
⊗(n−1)−−→M
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is homogeneous of degree |mMn | = 2 − n and, for every n ∈ N, the condition
Σ+n +Σ
0
n = 0 is satisfied, where
Σ+n =
∑
r + s+ t = n
t ≥ 0; r, s ≥ 1
(−1)r+stmMr+1+t(id
⊗r ⊗ms ⊗ id
⊗t)
and
Σ0n =
∑
s + t = n
t ≥ 0; s ≥ 1
(−1)stmM1+t(m
M
s ⊗ id
⊗t).
In the sum Σ+n , for simplicity, we abuse of the language writing id
⊗r instead
of idM ⊗ id
⊗(r−1)
A . In case n = 1, the condition reduces to Σ
0
1 = 0 which is
equivalent to say that mM1 satisfies (m
M
1 )
2 = 0.
Given M = (M, {mMn }) and N = (N, {m
N
n }) right A∞-modules over A.
Then, a morphism of right A∞-modules f : M−−→N over A is a family f =
{fn}n∈N, where each
fn :M ⊗S A
⊗(n−1)−−→N
is a homogeneous morphism of graded right S-modules of degree |fn| = 1 − n
such that, for each n ∈ N, the equality Σf+n +Σ
f0
n +Σ
f−
n = 0, where
Σf+n =
∑
r + s + t = n
t ≥ 0; r, s ≥ 1
(−1)r+stfr+1+t(id
⊗r ⊗ms ⊗ id
⊗t),
Σf0n =
∑
s+ t = n
t ≥ 0; s ≥ 1
(−1)stf1+t(m
M
s ⊗ id
⊗t),
and
Σf−n = −
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(r+1)smN1+s(fr ⊗ id
⊗s).
The condition in case n = 1 is equivalent to mN1 f1 = f1m
M
1 , that is, to the
requirement that the map f1 : M−−→N is a morphism of complexes of right
S-modules. The morphism f is called a quasi-isomorphism iff f1 is so.
The class of right A∞-modules together with the morphisms between them
is a category with the following composition. If f : M−−→N and g : N−−→L
are morphisms of right A∞-modules over A, their composition
g ◦ f = {(g ◦ f)n}n∈N :M−−→L
is defined, for each n ∈ N, by
(g ◦ f)n =
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(r+1)sg1+s(fr ⊗ id
⊗s).
Given a left A∞-module M , the identity IIM = {hn} : M−−→M is given by
h1 = idM and hn = 0, for all n ≥ 2. We shall denote this category by Mod∞-A.
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For the study of the category Mod∞-A one of the main tools is the graded
category DGComod-BA, the category of differential graded comodules over the
differential tensor S-coalgebra BA = (TS(A[1]), µ, ǫ, δ), with µ the comultipli-
cation given by the bar construction, ǫ : TS(A[1])−−→S is the canonical pro-
jection, and δ is the differential induced by the family of operations {mn}n∈N
of the A∞-algebra A. This is so, because of there is a full and faithful functor
Φ : Mod∞-A−−→DGComod
0-BA. The superindex 0 indicates the subcategory
of DGComod-BA with the same objects but with only degree zero homogeneous
morphisms.
Finally, we recall the appropriate notions of homotopy for the preceding
categories Alg∞ and Mod∞-A.
Definition 1.4. Let A be an A∞-algebra and f, g : M−−→N morphisms of
right A∞-modules over A. Then, a homotopy from f to g is a family of maps
{hn}n∈N where, for each n ∈ N,
hn :M ⊗S A
⊗(n−1)−−→N
is a homogeneous morphism of right S-modules of degree |hn| = −n, such that,
for all n ∈ N, we have fn − gn = H
(1)
n +H
(2)
n +H
(3)
n , where
H(1)n =
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)rsmN1+s(hr ⊗ id
⊗s),
H(2)n =
∑
s + t = n
s ≥ 1; t ≥ 0
(−1)sth1+t(m
M
s ⊗ id
⊗t),
and
H(3)n =
∑
r + s+ t = n
r, s ≥ 1; t ≥ 0
(−1)r+sthr+1+t(id
⊗r ⊗ms ⊗ id
⊗t),
A morphism of A∞-modules f : M−−→N is called null-homotopic iff there
is a homotopy from f to 0.
Definition 1.5. Let A and B be A∞-algebras and let f, g : A−−→B be mor-
phisms of A∞-algebras. A homotopy h from f to g is a family h = {hn}n∈N,
where each
hn : A
⊗n−−→B
is a homogeneous morphism of S-S-bimodules with degree |hn| = −n, such that,
for each n ∈ N, we have
fn − gn = H(h)n +Hf,g(h)n,
where
H(h)n =
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)r+sthr+1+t(id
⊗r ⊗mAs ⊗ id
⊗t)
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and
Hf,g(h)n =
∑
r, t ≥ 0; s ≥ 1
i1 + · · · + ir + s
+j1 + · · · + jt = n
(−1)sgnmBr+1+t(fi1 ⊗ · · · ⊗ fir ⊗ hs ⊗ gj1 ⊗ · · · ⊗ gjt)
where i1, . . . , ir, j1, . . . , jt ≥ 1 and sgn = sgn(i1, . . . , ir, s, j1, . . . , jt) is given by
the sum
r(t+ 1) + st+
∑
2 ≤ α ≤ r
1 ≤ u < α
(1− iu) + t
r∑
u=1
iu +
∑
2 ≤ β ≤ t
1 ≤ v < β
(1− jv).
The preceding notions of homotopy are known to be equivalence relations on
the corresponding categories and give rise to the homotopy categories Mod∞-A
and Alg
∞
, respectively.
The categories DGCoalg and DGComod0-BA have their own classical homo-
topy relations. The functors
Ψ : Alg∞−−→DGCoalg and Φ : Mod∞-A−−→DGComod
0-BA
preserve and reflect the preceding homotopy relations and, therefore, induce full
and faithful functors Ψ : Alg
∞
−−→DGCoalg and Φ : Mod∞-A−−→DGComod
0-BA.
Many important properties of Alg
∞
and Mod∞-A are derived, using the full
and faithful functors Ψ and Φ, from the corresponding properties for DGCoalg
and DGComod0-BA which are better understood categories.
In this paper, we propose that the use of the categories of twisted modules
over differential graded S-bocses can be a fresh and simpler tool for some studies
of Mod∞-A. We illustrate this with three applications.
Namely, we can describe with quite good precision the structure of Mod∞-A
as a Frobenius category. In particular, we prove that idempotents split in
Mod∞-A, a fact which seems to have remained unnoticed. We obtain this as
an application of the study of the category TGMod-B, for a general triangular
differential graded S-bocs, see (7.16). By “general” we mean that it is not nec-
essarily a differential graded tensor S-coalgebra. We compare our description
with the one given in [6](Proposition 5.2 and 8.4).
The important fact that each quasi-isomorphism of A∞-modules is a homo-
topy equivalence, see [6](Theorem 4.2), is obtained here, for the case where S is
a finite product of copies of the ground field k, as a consequence of our theorem
(8.3). The latter is proved by an induction argument using the triangularity of
the given triangular differential graded S-bocs. The proof does not resort to
any model theoretical considerations.
Finally, we show the fact that any homotopy equivalence f : A−−→B of
A∞-algebras determines a restriction functor Rf : Mod∞-A−−→Mod∞-A which
is an equivalence of categories, see [6](Proposition 6.2). We obtain this as a
consequence of the corresponding result for triangular differential graded S-
bocses, see (5.5), which essentially relies on the remarkable property that a
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morphism f :M−−→N in the category of modules over a triangular differential
graded S-bocs is an isomorphism if and only if its first component is so, see
(4.8).
The twisted modules we consider in (2.5) are constructed from the differential
graded category GMod-B, of graded modules over a differential graded S-bocs
B. These twisted modules are a special kind of the twisted complexes over
a general differential graded category considered in [3]. Here we focus on a
naive and very concrete approach to the study of the category TGMod-B for
a triangular differential graded S-bocs B and extract from this the preceding
applications to the study of A∞-modules.
2 Differential graded bocses, twisted modules
In this paper, we use the word bocs in the following specific sense.
Definition 2.1. A graded S-bocs B is a triple B = (C, µ, ǫ), where C is a
graded S-S-bimodule, so we have a decomposition C =
⊕
j∈Z Cj as a direct
sum of S-S-bimodules, and µ : C−−→C ⊗S C and ǫ : C−−→S are homogeneous
S-S-bimodule maps of degree 0 such that the following diagrams commute
C
µ
−−→ C ⊗S C
µ
y µ⊗idC
y
C ⊗S C
idC⊗µ
−−−→ C ⊗S C ⊗S C
and
C ⊗S C
µ
←−− C
µ
−−→ C ⊗S CyidC⊗ǫ
yidC
yǫ⊗idC
C ⊗S S
ρC
−−→ C
λC←−− S ⊗S C
where λC and ρC are the left and right S-multiplications on C, respectively.
The S-S-bimodule S is considered as a graded S-bimodule concentrated at 0.
A coderivation δ on B is a homogeneous morphism of S-S-bimodules δ :
C−−→C, of degree 1, such that the following square commutes.
C
µ
−−→ C ⊗S C
δ
y
yidC⊗δ+δ⊗idC
C
µ
−−→ C ⊗S C.
A coderivation δ on B is called a differential iff furthermore δ2 = 0. In
this case, B = (C, µ, ǫ, δ) is called a differential graded S-bocs. A morphism
f : (C, µ, ǫ, δ)−−→(C′, µ′, ǫ′, δ′) of differential graded S-bocses is a homoge-
neous morphism f : C−−→C′ of graded S-S-bimodules of degree 0 such that
µ′f = (f ⊗ f)µ, ǫ′f = ǫ and δ′f = fδ.
So a (differential) graded S-bocs is exactly the same concept as a (differen-
tial) graded S-coalgebra. A morphism of (differential) graded S-bocses is the
same as a morphism of (differential) graded S-coalgebras.
The following useful property is well known, but we include a proof for the
sake of the reader.
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Lemma 2.2. For any differential graded S-bocs B = (C, µ, ǫ, δ) we have ǫδ = 0.
Proof. We know that ρ(idC ⊗ ǫ)µ = idC and λ(ǫ ⊗ idC)µ = idC . Thus, for
c ∈ C, if µ(c) =
∑
i ci ⊗ c
′
i, we get∑
i
ǫ(ci)c
′
i = c =
∑
i
ciǫ(c
′
i).
Since δ is a coderivation, we have [(idC⊗δ)+(δ⊗idC)]µ = µδ. As a consequence,
ρ(idC ⊗ ǫ)(idC ⊗ δ)µ+ ρ(idC ⊗ ǫ)(δ ⊗ idC)µ = ρ(idC ⊗ ǫ)µδ = δ. Hence,
ρ(idC ⊗ ǫδ)µ+ ρ(δ ⊗ ǫ)µ = δ.
Evaluate at the element c to obtain
∑
i(−1)
|ci|ciǫδ(c
′
i) +
∑
i δ(ci)ǫ(c
′
i) = δ(c).
Since we also have
δ(c) = δ(
∑
i
ciǫ(c
′
i)) =
∑
i
δ(ci)ǫ(c
′
i),
we know that
∑
i(−1)
|ci|ciǫδ(c
′
i) = 0. Applying the morphism ǫ, we have∑
i(−1)
|ci|ǫ(ci)ǫδ(c
′
i) = 0. Since ǫ : C−−→S is homogeneous of degree 0, we
have ǫ(ci) = 0 whenever |ci| 6= 0, so we finally get
ǫδ(c) = ǫδ(
∑
i
ǫ(ci)c
′
i) =
∑
i
ǫ(ci)ǫδ(c
′
i) = 0.
Definition 2.3. Given a graded S-bocs B = (C, µ, ǫ), we can consider the
k-category of graded right B-modules denoted by GMod-B. A graded right B-
module is by definition a graded right S-module. Given graded B-modules M
and N , and d ∈ Z, a morphism f :M−−→N of right B-modules of degree d is a
homogeneous morphism of right S-modules f :M ⊗S C−−→N of degree d. So,
their set of morphisms in the category GMod-B is by definition
HomGMod-B(M,N) :=
⊕
d∈Z
HomdGMod-B(M,N) =
⊕
d∈Z
HomdGMod-S(M ⊗S C,N).
If we have a pair f : M−−→N , g : N−−→L of composable morphisms in
GMod-B, their composition in GMod-B is defined as the following composition
of morphisms of right S-modules
g ∗ f = (M ⊗S C
idM⊗µ
−−−−−−→M ⊗S C ⊗S C
f⊗idC
−−−−−→N ⊗S C
g
−−→L) .
It is not hard to show that GMod-B is indeed a graded k-category (the unit
morphism at a graded B-module M , denoted by IM , is the morphism of right
S-modules ρM (idM ⊗ ǫ), where ρM : M ⊗S S−−→M is the right multiplication
on M . We will denote by GMod0-B the subcategory of GMod-B with the same
objects but only the degree zero morphisms of GMod-B.
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Proposition 2.4. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs. Given
M,N ∈ GMod-B, define on the graded hom space
HomGMod-B(M,N) =
⊕
d∈Z
HomdGMod-B(M,N)
the homogeneous linear map δˆ : HomGMod-B(M,N)−−→HomGMod-B(M,N) of
degree 1 by the following recipe, for any homogeneous morphism f : M−−→N ,
δˆ(f) = (−1)|f |+1f(idM ⊗ δ).
Then, the category GMod-B is a differential graded category. Namely, δˆ2 = 0,
δˆ(IM ) = 0, for all M ∈ GMod-B, and the following Leibniz rule holds
δˆ(g ∗ f) = δˆ(g) ∗ f + (−1)|g|g ∗ δˆ(f),
for any homogeneous morphisms f :M−−→N and g : N−−→L in GMod-B.
Proof. For this proof make δˆ(f) = f(idM ⊗ δ). Then, we have
δˆ(g ∗ f) = (g ∗ f)(idM ⊗ δ)
= g(f ⊗ idC)(idM ⊗ µ)(idM ⊗ δ)
= g(f ⊗ idC)(idM ⊗ µδ)
= g(f ⊗ idC)(idM ⊗ [δ ⊗ idC + idC ⊗ δ]µ)
= g(f ⊗ idC)(idM ⊗ δ ⊗ idC)(idM ⊗ µ)
+ g(f ⊗ idC)(idM ⊗ idC ⊗ δ)(idM ⊗ µ)
= g(f(idM ⊗ δ)⊗ idC)(idM ⊗ µ)
+ g(f(idM ⊗ idC)⊗ δ)(idM ⊗ µ)
= g(f(idM ⊗ δ)⊗ idC)(idM ⊗ µ)
+ (−1)|f |g(idN ⊗ δ)(f ⊗ idC)(idM ⊗ µ)
= g ∗ f(idM ⊗ δ) + (−1)
|f |g(idN ⊗ δ) ∗ f
= g ∗ δˆ(f) + (−1)|f |δˆ(g) ∗ f.
Then,
δˆ(g ∗ f) = (−1)|f |+|g|+1δˆ(g ∗ f)
= (−1)|f |+|g|+1[g ∗ δˆ(f) + (−1)|f |δˆ(g) ∗ f ]
= δˆ(g) ∗ f + (−1)|g|g ∗ δˆ(f).
Definition 2.5. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs. Then,
a twisted B-module is a pair (M,u), where M ∈ GMod-B and u is a homoge-
neous morphism u ∈ Hom1GMod-B(M,M) such that the followingMaurer-Cartan
equation for u holds
δˆ(u) + u ∗ u = 0.
If (M,u) and (N, v) are twisted B-modules, then a homogeneous morphism of
twisted B-modules f : (M,u)−−→(N, v) of degree d is a homogeneous morphism
f : M−−→N in GMod-B of degree d such that
δˆ(f) + v ∗ f − (−1)df ∗ u = 0.
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We will denote by HomdGMod-B((M,u), (N, v)) the space of homogeneous
morphisms of twisted B-modules of degree d. Moreover, we make
HomTGMod-B((M,u), (N, v)) :=
⊕
d∈Z
HomdTGMod-B((M,u), (N, v)).
Lemma 2.6. With the preceding notations, we can form the graded category
of twisted B-modules TGMod-B with objects the twisted B-modules, morphisms
of twisted B-modules, and the same composition ∗ of the category GMod-B.
Proof. Let f : (M,u)−−→(N, v) and g : (N, v)−−→(L,w) be homogeneous mor-
phisms of twisted B-modules. We have δˆ(f) + v ∗ f − (−1)|f |f ∗ u = 0 and
δˆ(g) + w ∗ g − (−1)|g|g ∗ v = 0. Then, we have
δˆ(g ∗ f) + w ∗ g ∗ f − (−1)|g|+|f |g ∗ f ∗ u =
δˆ(g) ∗ f + (−1)|g|g ∗ δˆ(f) + w ∗ g ∗ f − (−1)|g|+|f |g ∗ f ∗ u =
δˆ(g) ∗ f + (−1)|g|g ∗ [(−1)|f |f ∗ u− v ∗ f ] + w ∗ g ∗ f − (−1)|g|+|f |g ∗ f ∗ u =
δˆ(g) ∗ f + w ∗ g ∗ f − (−1)|g|g ∗ v ∗ f =
[δˆ(g) + w ∗ g − (−1)|g|g ∗ v] ∗ f = 0.
Proposition 2.7. Let B1 = (C1, µ1, ǫ1, δ1) and B2 = (C2, µ2, ǫ2, δ2) be dif-
ferential graded S-bocses and ψ : B1−−→B2 a morphism of differential graded
S-bocses. Then, there is a functor of differential graded categories (called the
restriction functor associated to the morphism ψ)
Rψ : GMod-B2−−→GMod-B1
such that Rψ(M) = M , for M ∈ GMod-B2, and Rψ(f) = f(idM ⊗ ψ), for any
morphism f :M−−→N of GMod-B2.
Proof. The identity morphism ofM ∈ GMod-B2 is ρ(idM⊗ǫ2) :M⊗SC2−−→M ,
where ρ :M ⊗S S−−→M is the multiplication map. Then,
Rψ(ρ(idM ⊗ ǫ2)) = ρ(idM ⊗ ǫ2)(idM ⊗ ψ) = ρ(idM ⊗ ǫ2ψ) = ρ(idM ⊗ ǫ1).
So, Rψ preserves identities.
Given composable morphisms f : M−−→N and g : N−−→L in GMod-B2,
we have
Rψ(g ∗ f) = (g ∗ f)(idM ⊗ ψ)
= g(f ⊗ idC2)(idM ⊗ µ2)(idM ⊗ ψ)
= g(f ⊗ idC2)(idM ⊗ µ2ψ)
= g(f ⊗ idC2)(idM ⊗ (ψ ⊗ ψ)µ1)
= g(f ⊗ idC2)(idM ⊗ (ψ ⊗ ψ))(idM ⊗ µ1)
= g(idN ⊗ ψ)(f(idM ⊗ ψ)⊗ idC1)(idM ⊗ µ1)
= g(idN ⊗ ψ) ∗ f(idM ⊗ ψ)
= Rψ(g) ∗Rψ(f).
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Finally, given a homogeneous morphism f :M−−→N in GMod-B2, we have
Rψ(δˆ2(f)) = (−1)
|f |+1f(idM ⊗ δ2)(idM ⊗ ψ)
= (−1)|f |+1f(idM ⊗ δ2ψ)
= (−1)|f |+1f(idM ⊗ ψδ1)
= (−1)|Rψ(f)|+1f(idM ⊗ ψ)(idM ⊗ δ1) = δˆ1(Rψ(f)).
Proposition 2.8. Let B1 = (C1, µ1, ǫ1, δ1) and B2 = (C2, µ2, ǫ2, δ2) be dif-
ferential graded S-bocses and ψ : B1−−→B2 a morphism of differential graded
S-bocses. Then, the restriction functor Rψ : GMod-B2−−→GMod-B1 induces a
k-functor (called again the restriction functor associated to the morphism ψ)
Rψ : TGMod-B2−−→TGMod-B1
such that Rψ(M,u) = (M,Rψ(u)), for (M,u) ∈ TGMod-B2, and Rψ(f) =
f(idM ⊗ ψ), for any morphism f : (M,u)−−→(N, v) of TGMod-B2.
Proof. Given (M,u) ∈ TGMod-B2, we have
δˆ1(Rψ(u)) +Rψ(u) ∗Rψ(u) = Rψ(δˆ2(u) + u ∗ u) = 0,
so, (M,Rψ(u)) ∈ TGMod-B1.
Given a homogeneous morphism f : (M,u)−−→(N, v) in TGMod-B2, we
have that
δˆ1(Rψ(f)) +Rψ(v) ∗Rψ(f)− (−1)
|Rψ(f)|Rψ(f) ∗Rψ(u)
coincides with
Rψ(δˆ2(f) + v ∗ f − (−1)
|f |f ∗ u) = 0.
So Rψ(f) : (M,Rψ(u))−−→(N,Rψ(v)) is a homogeneous morphism of twisted
B1-modules.
3 Bocses, coalgebras and homotopy
Let us see how that the preceding notions relate to the category of comodules
and differential comodules over a given differential graded S-bocs B. We first
recall some basic notions.
Definition 3.1. Given a graded S-coalgebra B = (C, µ, ǫ), that is a graded S-
bocs, we will denote by GComod-B the category of the graded right B-comodules.
Recall that a graded right B-comodule is a pair (M,µM ), where M is a graded
right S-module and µM : M−−→M ⊗S C is a homogeneous morphism of right
S-modules of degree 0 such that the following diagrams commute
M
µM
−−→ M ⊗S C
µM
y µM⊗idC
y
M ⊗S C
idM⊗µ
−−−→ M ⊗S C ⊗S C
and
M ⊗S C
µM
←−− MyidM⊗ǫ
yidM
M ⊗S S
ρM
−−→ M.
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If (M,µM ) and (N,µN ) are graded right B-comodules and d ∈ Z, a morphism of
graded right B-comodules h : (M,µM )−−→(N,µN ) of degree d is a homogeneous
morphism of right S-modules h :M−−→N with degree d, such that the following
square commutes
M
µM
−−→ M ⊗S C
h
y
yh⊗idC
N
µN
−−→ N ⊗S C.
We denote by HomdGComod-B(M,N) the space of morphisms of graded right
B-comodules of degree d from M to N and we make
HomGComod-B(M,N) :=
⊕
d∈Z
HomdGComod-B(M,N).
We denote by GComod0-B the subcategory of GComod-B with the same objects
and only degree zero morphisms.
Definition 3.2. Given a differential graded S-coalgebra B = (C, µ, ǫ, δ), that is
a differential graded S-bocs, we will denote by DGComod-B the graded category
of the differential graded right B-comodules. Recall that a differential graded
right B-comodule is a triple (M,µM , δM ), where (M,µM ) is a graded right B-
comodule and δM : M−−→M is a differential on (M,µM ). Recall that a map
δM : M−−→M is a coderivation on (M,µM ) iff it is a homogeneous morphism of
graded right S-modules of degree 1 such that the following diagram commutes
M
µM
−−→ M ⊗S C
δM
y
yidM⊗δ+δM⊗idC
M
µM
−−→ M ⊗S C.
Such a map δM is called a differential if, furthermore, δ
2
M = 0.
Whenever (M,µM , δM ) and (N,µN , δN) are differential graded right B-como-
dules and d ∈ Z, we agree that a morphism of differential graded right B-
comodules h : (M,µM , δM )−−→(N,µN , δN ) of degree d is a homogeneous mor-
phism of graded right B-comodules h : M−−→N with degree d, such that
δNh = (−1)
dhδM . We denote by Hom
d
DGComod-B(M,N) the space of homo-
geneous morphisms of differential graded right B-comodules of degree d fromM
to N and we make
HomDGComod-B(M,N) :=
⊕
d∈Z
HomdDGComod-B(M,N).
As before, with DGComod0-B we denote the subcategory of DGComod-B with
the same objects but only degree zero morphisms.
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Remark 3.3. Let B = (C, µ, ǫ, δ) be a differential graded S-coalgebra,M,N ∈
DGComod-B, and h : M−−→N a homogeneous morphism of graded right B-
comodules. Then,
δNh− (−1)
|h|hδM ∈ Hom
|h|+1
DGComod-B(M,N).
Proposition 3.4. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs.
1. There is a full and faithful functor of graded categories
Φ : GMod-B−−→GComod-B
such that Φ(M) = IndB(M) := (M ⊗S C, idM ⊗ µ), for M ∈ GMod-B,
and, for any f ∈ HomGMod-B(M,N), we have Φ(f) = (f ⊗ idC)(idM ⊗µ).
2. There is a full and faithful functor of graded categories
Φ : TGMod-B−−→DGComod-B
such that Φ(M,u) = (IndB(M), δΦ(M,u)), where δΦ(M,u) = idM ⊗δ+Φ(u),
for each (M,u) ∈ TGMod-B, and Φ(f) = (f ⊗ idC)(idM ⊗ µ), for any
f ∈ HomTGMod-B((M,u), (N, v)).
Proof. (1): It is easy to see that the association Φ is well defined. In order
to show that Φ preserves composition, take f ∈ HomGMod-B(M,N) and g ∈
HomGMod-B(N,L). Then,
Φ(g)Φ(f) = (g ⊗ idC)(idN ⊗ µ)(f ⊗ idC)(idM ⊗ µ)
= (g ⊗ idC)(f ⊗ µ)(idM ⊗ µ)
= (g ⊗ idC)(f ⊗ idC ⊗ idC)(idM ⊗ idC ⊗ µ)(idM ⊗ µ)
= (g ⊗ idC)(f ⊗ idC ⊗ idC)(idM ⊗ (idC ⊗ µ)µ)
= (g ⊗ idC)(f ⊗ idC ⊗ idC)(idM ⊗ (µ⊗ idC)µ)
= (g ⊗ idC)(f ⊗ idC ⊗ idC)(idM ⊗ µ⊗ idC)(idM ⊗ µ)
= (g(f ⊗ idC)(idM ⊗ µ)⊗ idC)(idM ⊗ µ)
= (g ∗ f ⊗ idC)(idM ⊗ µ) = Φ(g ∗ f).
Given M ∈ GMod-B, we consider the identity morphism IM = ρM (idM ⊗ ǫ) in
the category GMod-B. Then,
Φ(IM ) = (ρM (idM ⊗ ǫ)⊗ idC)(idM ⊗ µ)
= (idM ⊗ λ(ǫ⊗ idC))(idM ⊗ µ)
= idM ⊗ λ(ǫ ⊗ idC)µ = idM ⊗ idC
= idIndB(M) = idΦ(M).
Thus Φ is a degree preserving functor. It is full and faithful because, for d ∈ Z,
Φd : Hom
d
GMod-S(M ⊗S C,N)−−→Hom
d
GComod-B(IndB(M), IndB(N))
is an isomorphism, with inverse Φ′d given by Φ
′
d(φ) = qNφ, where qN :=
ρN (idN ⊗ ǫ).
14
(2): Take (M,u) ∈ TGMod-B. If we denote by Coder(IndB(M)) the set of
coderivations of IndB(M), we have a bijection
Θ : Hom1GComod-B(IndB(M), IndB(M))−−→Coder(IndB(M))
given by Θ(h) = idM ⊗ δ + h. Then, we know that δΦ(M,u) = ΘΦ1(u) is a
coderivation on IndB(M). Since δ
2
Φ(M,u) is a homogeneous morphism of graded
right B-comodules of degree 2, to show that δ2Φ(M,u) = 0 is equivalent to show
that qMδ
2
Φ(M,u) = 0.
From (2.2), we have
qMδ
2
Φ(M,u) = qM [(idM ⊗ δ)Φ(u) + Φ(u)(idM ⊗ δ) + Φ(u)Φ(u)]
= u(idM ⊗ δ) + uΦ(u) = δˆ(u) + u ∗ u = 0.
Now, take a homogeneous morphism f : (M,u)−−→(N, v) in TGMod-B. We
already know that Φ(f) : IndB(M)−−→IndB(N) is a homogeneous morphism
of graded B-comodules. By definition, the map Φ(f) : Φ(M,u)−−→Φ(N, v)
is a morphism of differential graded B-comodules if and only if the following
difference D is zero.
D := (idN ⊗ δ +Φ(v))Φ(f)− (−1)
|f |Φ(f)(idM ⊗ δ +Φ(u)).
By (3.3), we have that D = 0 is equivalent to qND = 0. Since f is a morphism
of twisted B-modules, we have
qND = vΦ(f)− (−1)
|f |f(idM ⊗ δ)− (−1)
|f |fΦ(u)
= δˆ(f) + vΦ(f)− (−1)|f |fΦ(u)
= δˆ(f) + v ∗ f − (−1)|f |f ∗ u = 0.
Hence Φ is a well defined faithful functor. In order to show that it is a full
functor, we use again the fact that Φd is a bijection and reverse the preceding
argument.
Definition 3.5. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs. Given
morphisms f, g ∈ Hom0TGMod-B((M,u), (N, v)), a homotopy h from f to g is a
morphism h ∈ Hom−1GMod-B(M,N) such that
f − g = δˆ(h) + v ∗ h+ h ∗ u.
A morphism f ∈ Hom0TGMod-B((M,u), (N, v)) is null-homotopic iff there is a
homotopy from f to 0.
We denote by TGMod0-B the subcategory TGMod-B with the same objects
and only zero degree homogeneous morphisms. Thus, the notion of homotopy
is an equivalence relation in the category TGMod0-B.
Proposition 3.6. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs. Consider
the full and faithful functor Φ : TGMod-B−−→DGComod-B of (3.4). Then, a
morphism f ∈ Hom0TGMod-B((M,u), (N, v)) in TGMod
0-B is is null-homotopic
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iff Φ(f) : Φ(M,u)−−→Φ(N, v) is null-homotopic in DGComod0-B. As a conse-
quence, there is an induced full and faithful functor on the homotopy categories
Φ : TGMod0-B−−→DGComod0-B.
Proof. Recall that, by definition, Φ(M,u) = (IndB(M), idM ⊗ δ + Φ(u)) and
Φ(N, v) = (IndB(N), idN ⊗ δ+Φ(v)). The morphism Φ(f) is null-homotopic in
DGComod0-B iff there is a morphism Φ(h) ∈ Hom−1GComod-B(IndB(M), IndB(N))
with
Φ(f) = (idN ⊗ δ +Φ(v))Φ(h) + Φ(h)(idM ⊗ δ +Φ(u)).
This is equivalent to
qNΦ(f) = qN [(idN ⊗ δ +Φ(v))Φ(h) + Φ(h)(idM ⊗ δ +Φ(u))],
and this is equivalent to
f = vΦ(h) + h(idM ⊗ δ) + hΦ(u) = δˆ(h) + v ∗ h+ h ∗ u,
that is, f is null-homotopic in TGMod0-B.
Lemma 3.7. Let B1 = (C1, µ1, ǫ1, δ1) and B2 = (C2, µ2, ǫ2, δ2) be differen-
tial graded S-bocses and ψ : B1−−→B2 a morphism of differential graded S-
bocses. Then, the restriction functor Rψ : TGMod
0-B2−−→TGMod
0-B1 maps
null-homotopic morphisms onto null-homotopic morphisms. Hence it induces a
k-functor on the corresponding homotopy categories
Rψ : TGMod
0-B2−−→TGMod
0-B1
Proof. Given a null-homotopic morphism f ∈ Hom0TGMod-B2((M,u), (N, v)),
there is h ∈ Hom−1GMod-B2(M,N) with f = δˆ2(h) + v ∗ h+ h ∗ u. Then, applying
Rψ, we obtain
Rψ(f) = Rψ(δˆ2(h)) +Rψ(v ∗ h) +Rψ(h ∗ u)
= δˆ1(Rψ(h)) +Rψ(v) ∗Rψ(h) +Rψ(h) ∗Rψ(u).
Hence, Rψ(f) is null-homotopic.
4 Triangular bocses
In this section we show some properties of the category TGMod-B, where B
is a differential graded S-bocs of a special type, which we call triangular. We
stress the fact that some proofs are inspired in the study of differential graded
tensor algebras (or ditalgebras) and their module categories initiated by the
Kiev school of representation theory, see [2].
Definition 4.1. A normal graded S-bocs B is a differential unitary graded S-
coalgebra (C, µ, ǫ, δ), with an S-S-bimodule decomposition C = S
⊕
C such
that ǫ : C−−→S is the projection map and µ(1) = 1⊗ 1.
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Lemma 4.2. If B = (C, µ, ǫ, δ) is a normal graded S-bocs, then we have a well
defined map
µ : C−−→C ⊗S C with µ(x) = µ(x)− 1⊗ x− x⊗ 1,
and the differential δ restricts to a map δ : C−−→C of degree 1. Moreover, the
triple B = (C, µ, δ) is a differential graded S-coalgebra (without counit). We
call B the reduced differential graded S-bocs of B.
Proof. See, for instance, [2](3.2).
The following reinterpretation of the k-category GMod-B is useful.
Definition 4.3. Given a normal graded S-bocs B = (C, µ, ǫ, δ), we can form
the following graded category GMod-B. Its objects are the graded right S-
modules and, given d ∈ Z, a morphism f : M−−→N of degree d in GMod-B is
a pair of maps f = (f0, f1), where f0 : M−−→N and f1 : M ⊗S C−−→N are
homogeneous morphisms of right S-modules of degree d. Thus, its hom spaces
are given by
HomGMod-B(M,N) = HomGMod-S(M,N)×HomGMod-S(M ⊗S C,N).
If f = (f0, f1) ∈ HomGMod-B(M,N) and g = (g
0, g1) ∈ HomGMod-B(N,L),
their composition g ∗ f = ((g ∗ f)0, (g ∗ f)1) ∈ HomGMod-B(M,L) is defined by
(g ∗ f)0 = g0f0 and (g ∗ f)1 is the following composition in GMod-S
(g ∗ f)1 = g1(f0 ⊗ idC) + g
0f1 + g1[(f1 ⊗ idC)(idM ⊗ µ)].
It is not hard to show that GMod-B is indeed a graded k-category, where
the identity morphism IM on each M ∈ GMod-B is just (idM , 0). Again, with
GMod0-B, we denote the subcategory of GMod-B with the same objects but
with only zero degree morphisms.
Lemma 4.4. For any normal graded S-bocs B, there is an equivalence of graded
categories
F : GMod-B−−→GMod-B
such that F (M) = M , for each M ∈ GMod-B and, given any morphism f ∈
HomGMod-B(M,N) = HomGMod-S(M⊗SC,N), we have F (f) = (f
0, f1), where
f0 : M−−→N is given by f0(m) = f(m ⊗ 1), for m ∈ M , and the morphism
f1 :M ⊗S C−−→N is just the restriction of the map f .
Proof. It is clear that F defined as above determines a linear isomorphism
HomGMod-B(M,N)−−→HomGMod-B(M,N).
So we only have to show that F preserves compositions and identities. Assume
that f :M−−→N and g : N−−→L are morphisms in GMod-B. Then, form ∈M ,
we have
F (g ∗ f)0(m) = g(f ⊗ idC)(idM ⊗ µ)(m⊗ 1)
= g(f ⊗ idC)(m⊗ 1⊗ 1)
= g(f(m⊗ 1)⊗ 1) = g0f0(m).
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For x ∈ C, we have µ(x) = µ(x) + 1⊗ x+ x⊗ 1 and µ(x) =
∑
j yj ⊗ zj , so
F (g ∗ f)1(m⊗ x) = g(f ⊗ idC)(idM ⊗ µ)(m⊗ x)
= g(f ⊗ idC)(m⊗ µ(x))
= g(f ⊗ idC)(m⊗ µ(x))
+ g(f ⊗ idC)(m⊗ x⊗ 1) + g(f ⊗ idC)(m⊗ 1⊗ x)
=
∑
j g(f(m⊗ yj)⊗ zj)
+ g(f(m⊗ x)⊗ 1) + g(f(m⊗ 1)⊗ x)
=
∑
j g
1(f1(m⊗ yj)⊗ zj) + g
0(f1(m⊗ x)) + g1(f0(m)⊗ x)
= [g1(f1 ⊗ idC)(idM ⊗ µ) + g
0f1 + g1(f0 ⊗ idC)](m⊗ x)
= [F (g) ∗ F (f)]1(m⊗ x).
Thus, we obtain that F (g ∗ f) = F (g) ∗ F (f). Given M ∈ GMod-B, recall that
IM = ρM (idM ⊗ ǫ), thus F (IM )
0(m) = ρ(idM ⊗ ǫ)(m⊗ 1) = m. For x ∈ C, we
have F (IM )
1(m ⊗ x) = ρ(idM ⊗ ǫ)(m ⊗ x) = 0. Hence, F (IM ) = (idM , 0) =
IF (M).
Remark 4.5. Given f : M−−→N in GMod-B, we often refer to the maps f0
and f1 in F (f) = (f0, f1) as the components of f .
Notice that any morphism (f0, f1) ∈ HomGMod-B(M,N) decomposes as a
sum of morphisms (f0, f1) = (f0, 0) + (0, f1) in HomGMod-B(M,N).
This notation as pairs of maps was relevant in the study of categories of
modules over differential tensor algebras in [2]. We exploit it here in the context
of graded S-bocses.
Definition 4.6. A normal graded S-bocs B = (C, µ, ǫ, δ) is called triangular iff
there is a sequence
0 = C0 ⊆ C1 ⊆ · · · ⊆ Ci ⊆ Ci+1 ⊆ · · ·
of graded S-S-subbimodules of C such that C =
⋃
i∈N Ci,
µ(Ci) ⊆ Ci−1 ⊗S Ci−1 and δ(Ci) ⊆ Ci, for all i ∈ N.
Proposition 4.7. Let B = (C, µ, ǫ, δ) be a triangular graded S-bocs. Consider
any endomorphism in GMod0-B of the form f = (0, f1) : M−−→M . Then, for
each x ∈ C, there is a natural number nx such that (f
n)1[m ⊗ x] = 0, for all
n ≥ nx and m ∈M . In this case, we can consider the morphism in GMod
0-B
∞∑
n=1
fn :M−−→M.
Proof. Adopt the notations of (4.6). We proceed to show, by induction on i ∈ N,
that there is a natural number ni such that for any x ∈ Ci and m ∈ M , we
have, (fni)1[m⊗ x] = 0.
From the definition of the composition of morphisms is GMod-B, we have
that (fn+1)1(m⊗x) = fn(f1⊗ idC)(idM ⊗µ)[m⊗x] = 0, for x ∈ C1 and n ≥ 1,
and we can take n1 = 2.
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Assume that we have proved that ni exists for a fixed i ∈ N, such that for
any x ∈ Ci and m ∈M , we have (f
ni)1[m⊗ x] = 0. Then, if x ∈ Ci+1, we have
that µ(x) =
∑t
j=1 xj ⊗ yj, with xj , yj ∈ Ci. Thus, for m ∈M , we have
(fni+1)1[m⊗ x] = fni(f1 ⊗ idC)(idM ⊗ µ)[m⊗ x]
= fni(f1 ⊗ idC)(m⊗ µ(x))
=
∑
j f
ni(f1 ⊗ idC)(m⊗ xj ⊗ yj)
=
∑
j f
ni(f1(m⊗ xj)⊗ yj) = 0.
The statement of the Proposition follows from this.
Corollary 4.8. Let B be a triangular graded S-bocs. Take any morphism f =
(f0, f1) : M−−→N in GMod0-B. Then, f : M−−→N is an isomorphism in
GMod0-B iff f0 :M−−→N is an isomorphism of GMod-S.
Proof. We first show that an endomorphism of the form f = (idM , f
1) :M−−→M
is an automorphism. Indeed, we can write f = IM−h where h = (0,−f
1). Then
(IM − h) ∗ (
∞∑
i=0
hi) =
∞∑
i=0
hi − h ∗ (
∞∑
i=0
hi) = h0 = IM .
Similarly, we have (
∑∞
i=0 h
i) ∗ (IM − h) = IM . Thus f is an automorphism.
Now, consider any morphism f = (f0, f1) : M−−→N with f0 : M−−→N
isomorphism and consider the inverse g0 : N−−→M of f0. Then, f ∗ (g0, 0) =
(idN , u) and (g
0, 0) ∗ f = (idM , v) are isomorphisms. So, f is a section and a
retraction in GMod-B. It follows that f is an isomorphism in GMod-B.
Corollary 4.9. Let B be a triangular graded S-bocs. Take any morphism f :
(M,u)−−→(N, v) in TGMod0-B. Then, f : M−−→N is an isomorphism in
GMod0-B iff its first component f0 :M−−→N is an isomorphism of GMod-S.
Proof. From (4.8), it will be enough to show the following.
Claim: Fix any homogeneous morphism f : (M,u)−−→(N, v) in TGMod0-B.
Then, f : (M,u)−−→(N, v) is an isomorphism in TGMod0-B iff f : M−−→N
is an isomorphism in GMod-B.
We now prove the claim. Since f : (M,u)−−→(N, v) is a morphism in
TGMod0-B, we have that δˆ(f) + v ∗ f − f ∗ u = 0. If f is an isomorphism
in GMod0-B, it has a homogeneous two-sided inverse g : N−−→M with |g| = 0.
Since g ∗ f = IM , we have 0 = δˆ(IM ) = δˆ(g ∗ f) = δˆ(g) ∗ f + g ∗ δˆ(f). So,
δˆ(g) = −g ∗ δˆ(f) ∗ g = g ∗ (v ∗ f) ∗ g − g ∗ (f ∗ u) ∗ g = g ∗ v − u ∗ g.
So, g : (N, v)−−→(M,u) is a morphism in TGMod0-B, an inverse for f .
Proposition 4.10. Suppose that B is a triangular differential graded S-bocs.
Consider a composable pair of morphisms in GMod0-B
M
f
−−→E
g
−−→N
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such that g ∗ f = 0 and the sequence 0−−→M
f0
−−→E
g0
−−→N−−→0 is an exact
sequence in GMod-S. Then, there is a commutative diagram in GMod0-B
M
f
−−→ E
g
−−→ N
‖ h
y ‖
M
(r0,0)
−−−−→ E
(s0,0)
−−−−→ N,
where h is an automorphism.
Proof. Step 1: There is an automorphism h of E such that (h ∗ f)1 = 0.
We have f = f0 + f1, where f0 = (f0, 0) and f1 = (0, f1) are morphisms
in GMod0-B. Since S is semisimple, the exact sequence in the statement of our
proposition splits and we have a morphism p : E−−→M in GMod-S such that
pf0 = idM . Consider the morphism p = (p, 0) : E−−→M in GMod
0-B. Then,
we have p ∗ f0 = IM in GMod-B. Make u := f
1 ∗ p and notice that u0 = 0.
Then, we have the automorphism h of E defined by
h = IE + v : E−−→E, where v =
∞∑
n=1
(−1)nun.
We have that h ∗ f = f0 + f1 + v ∗ f0 + v ∗ f1, where
f1 + v ∗ f0 + v ∗ f1 = f1 − f1 ∗ p ∗ f0 +
∑∞
n=1(−1)
n+1(f1 ∗ p)n ∗ (f1 ∗ p) ∗ f0
+
∑∞
n=1(−1)
n(f1 ∗ p)n ∗ f1
= f1 − f1 +
∑∞
n=1(−1)
n+1(f1 ∗ p)n ∗ f1
+
∑∞
n=1(−1)
n(f1 ∗ p)n ∗ f1 = 0.
Therefore, we obtain (h ∗ f)1 = 0.
Step 2: Now, we may assume that f = (f0, 0) and finish the proof.
As before, we have g = g0 + g1, where g0 = (g0, 0) and g1 = (0, g1) are
morphisms in GMod0-B. Since S is semisimple, there is a morphism s : N−−→E
in GMod-S such that g0s = idN . If we take s = (s, 0) we have g
0 ∗ s = IN in
GMod-B. Now, make u = s ∗ g1 and notice that u0 = 0. Now, consider the
automorphism h of E defined by
h = IE + w : E−−→E, where w =
∞∑
i=1
(−1)nun.
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We have that g ∗ h = g0 + g1 + g0 ∗ w + g1 ∗ w, where
g1 + g0 ∗ w + g1 ∗ w = g1 − g0 ∗ s ∗ g1 +
∑∞
n=1(−1)
n+1g0 ∗ s ∗ g1 ∗ (s ∗ g1)n
+
∑∞
n=1(−1)
ng1 ∗ (s ∗ g1)n
= g1 − g1 +
∑∞
n=1(−1)
n+1g1 ∗ (s ∗ g1)n
+
∑∞
n=1(−1)
ng1 ∗ (s ∗ g1)n = 0.
Therefore, we obtain (g ∗ h)1 = 0. Notice that
u+ w + w ∗ u = u+
∞∑
n=1
(−1)nun +
∞∑
n=1
(−1)nun+1 = 0.
Hence, h−1 = IE + u. Since g ∗ f = 0, we have that g
1 ∗ f = 0 and, therefore,
h−1 ∗ f = f + u ∗ f = f . So, (h−1 ∗ f)1 = 0 and we are done.
Lemma 4.11. Let B be a differential graded S-bocs, assume that (M,u) ∈
TGMod-B, and N ∈ GMod-B. Then, for any homogeneous isomorphism h :
M−−→N in GMod-B, there is a unique morphism v ∈ Hom1GMod-B(N,N) such
that h : (M,u)−−→(N, v) is an isomorphism in TGMod-B.
Proof. By assumption, δˆ(u) + u ∗ u = 0 and we are looking for a morphism
v ∈ Hom1GMod-B(N,N) such that δˆ(h)+ v ∗h− (−1)
|h|h ∗u = 0. Then, the only
possible choice is v = (−1)|h|h ∗ u ∗ h−1 − δˆ(h) ∗ h−1. It remains to show that
δˆ(v) + v ∗ v = 0. We shall compute each term separately.
From Leibniz rule, we have that 0 = δˆ(IN ) = δˆ(h ∗ h
−1) = δˆ(h) ∗ h−1 +
(−1)|h|h ∗ δˆ(h−1). Then, we have δˆ(h−1) = −(−1)|h|h−1 ∗ δˆ(h) ∗ h−1, and
δˆ(v) = (−1)|h|δˆ(h ∗ u ∗ h−1)− δˆ(δˆ(h) ∗ h−1)
= (−1)|h|δˆ(h) ∗ u ∗ h−1 + h ∗ δˆ(u) ∗ h−1
− h ∗ u ∗ δˆ(h−1) + (−1)|h|δˆ(h) ∗ δˆ(h−1)
= (−1)|h|δˆ(h) ∗ u ∗ h−1 + h ∗ δˆ(u) ∗ h−1
+(−1)|h|h ∗ u ∗ h−1 ∗ δˆ(h) ∗ h−1
− δˆ(h) ∗ h−1 ∗ δˆ(h) ∗ h−1.
Moreover, we have
v ∗ v = [(−1)|h|h ∗ u ∗ h−1 − δˆ(h) ∗ h−1] ∗ [(−1)|h|h ∗ u ∗ h−1 − δˆ(h) ∗ h−1]
= h ∗ u ∗ u ∗ h−1 − (−1)|h|h ∗ u ∗ h−1 ∗ δˆ(h) ∗ h−1
− (−1)|h|δˆ(h) ∗ u ∗ h−1 + δˆ(h) ∗ h−1 ∗ δˆ(h) ∗ h−1.
Since δˆ(u) + u ∗ u = 0, we obtain δˆ(v) = −v ∗ v, as we wanted.
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Proposition 4.12. Suppose that B is a triangular graded S-bocs. Consider a
composable pair of homogeneous morphisms in TGMod0-B
(M,uM )
f
−−→(E, uE)
g
−−→(N, uN )
such that g ∗ f = 0 and the sequence of first components
0−−→M
f0
−−→E
g0
−−→N−−→0
is exact in GMod-S. Then, there is a commutative diagram in TGMod0-B
(M,uM )
f
−−→ (E, uE)
g
−−→ (N, uN )
‖ h
y ‖
(M,uM )
r
−−→ (E, u′E)
s
−−→ (N, uN ),
where h is an isomorphism and the second components of r and s are zero.
Proof. Consider the underlying diagrams in GMod0-B of our hypothesis. Then,
there is an isomorphism h : E−−→E in GMod0-B as in (4.10). We have
(E, uE) ∈ TGMod-B and, so, we can apply (4.11) to h and obtain a morphism
u′E ∈ Hom
1
GMod-B(E,E) such that h : (E, uE)−−→(E, u
′
E) is an isomorphism in
TGMod0-B.
5 Scalar restriction functors and homotopy
Let us recall the classical definition of homotopy of differential graded S-coalge-
bras (or S-bocses).
Definition 5.1. Let BA = (CA, µA, δA) and BB = (CB , µB, δB) be differen-
tial graded S-bocses (without counit). Let φ, ψ : CA−−→CB be morphisms
of differential graded S-bocses. A homotopy h from φ to ψ is a morphism
h ∈ Hom−1GMod-S-S(CA, CB) such that
µBh = (φ⊗ h+ h⊗ ψ)µA and φ− ψ = δBh+ h δA.
The morphisms φ and ψ are called homotopic iff there is such a homotopy h.
A morphism h ∈ Hom−1GMod-S-S(CA, CB) is called a φ-ψ-coderivation when the
preceding left equality is satisfied. We denote by Coder−1
φ-ψ(CA, CB) the space
of φ-ψ-coderivations.
The definition of homotopy of morphisms of differential counitary graded S-
bocses is similar, we just remove the overlines and add ǫA and ǫB to the given
triples, respectively.
The proof of the following statement is straightforward.
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Lemma 5.2. Let BA = (CA, µA, ǫA, δA) and BB = (CB, µB , ǫB, δB) be differ-
ential normal graded S-bocses. Let φ, ψ : BA−−→BB be morphisms of the corre-
sponding reduced differential graded S-bocses and assume that h is a homotopy
from φ to ψ. Extend φ and ψ to morphisms of differential unitary graded S-
bocses φ, ψ : BA−−→BB defining φ(s+x) = s+φ(x) and ψ(s+x) = s+ψ(x), for
s ∈ S and x ∈ CA; extend h to h : CA−−→CB defining h(s+ x) = h(x). Then,
we have that h is a homotopy from φ to ψ. That is h ∈ Hom−1GMod-S-S(CA, CB)
satisfies
µBh = (φ⊗ h+ h⊗ ψ)µA and φ− ψ = δBh+ hδA.
Lemma 5.3. Under the assumptions of the last lemma, for d ∈ Z, define
Rh : Hom
d
GMod-BB (M,N)−−→Hom
d−1
GMod-BA(M,N)
such that Rh(u) = (−1)
|u|u(idM ⊗ h), for u ∈ Hom
d
GMod-BB (M,N). Then, the
following holds.
1. Whenever u : M−−→N and v : N−−→L are homogeneous morphisms in
GMod-BB, we have
Rh(v ∗ u) = Rh(v) ∗Rφ(u) + (−1)
|v|Rψ(v) ∗Rh(u).
2. For any homogeneous morphism u :M−−→N in GMod-BB, we have
Rφ(u)−Rψ(u) = δˆARh(u) +RhδˆB(u).
Proof. (1): Having in mind (2.7), we get
Rh(v ∗ u) = (−1)
|u|+|v|v(u⊗ idCB )(idM ⊗ µB)(idM ⊗ h)
= (−1)|u|+|v|v(u⊗ idCB )(idM ⊗ µBh)
= (−1)|u|+|v|v(u⊗ idCB )(idM ⊗ (φ⊗ h+ h⊗ ψ)µA)
= (−1)|u|+|v|v(u⊗ idCB )(idM ⊗ (φ⊗ h)µA)
(−1)|u|+|v|v(u ⊗ idCB )(idM ⊗ (h⊗ ψ)µA)
= (−1)|u|+|v|v(u(idM ⊗ φ)⊗ h)(idM ⊗ µA)
(−1)|u|+|v|v(u(idM ⊗ h)⊗ ψ)(idM ⊗ µA)
= (−1)|v|v(idN ⊗ h)(u(idM ⊗ φ)⊗ idCA)(idM ⊗ µA)
(−1)|u|+|v|v(idN ⊗ ψ)(u(idM ⊗ h)⊗ idCA)(idM ⊗ µA)
= Rh(v) ∗Rφ(u) + (−1)
|v|Rψ(v) ∗Rh(u).
(2): Since δˆB(u) = (−1)
|u|+1u(idM ⊗ δB), we have
RhδˆB(u) = (−1)
|u|+1(−1)|u|+1u(idM ⊗ δB)(idM ⊗ h)
= u(idM ⊗ δBh) = u(idM ⊗ (φ− ψ − hδA))
= u(idM ⊗ φ)− u(idM ⊗ ψ)− u(idM ⊗ h)(idM ⊗ δA)
= Rφ(u)−Rψ(u)− δˆARh(u).
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Proposition 5.4. Adopt the assumptions of (5.2) and assume, furthermore,
that BA is a triangular S-bocs. Then, there is an isomorphism of functors
η : Rφ−−→Rψ,
where Rφ, Rψ : TGMod
0-BB−−→TGMod
0-BA are the functors induced on the
homotopy categories by Rφ, Rψ : TGMod
0-BB−−→TGMod
0-BA, respectively,
see (3.7). For each (M,u) ∈ TGMod-BB, the map η(M,u) : Rφ(M,u)−−→Rψ(M,u)
is the class modulo homotopy of the morphism
η(M,u) = IM +Rh(u) : Rφ(M,u)−−→Rψ(M,u).
Proof. We first show that IM+Rh(u) ∈ Hom
0
GMod-BA(M,M) is an isomorphism
in the category GMod-BA. In order to see this, consider the equivalence F :
GMod-BA−−→GMod-BA of (4.4). Consider the morphism F (Rh(u)) = (h
0, h1) :
M−−→M in GMod-B and notice that, for m ∈M , we have
h0(m) = Rh(u)(m⊗ 1) = −u(idM ⊗ h)(m⊗ 1) = 0,
because h(1) = 0. Therefore, h0 = 0 and, by (4.8), we know that IM +Rh(u) is
an isomorphism in GMod0-BA.
Now we show that IM + Rh(u) ∈ Hom
0
TGMod-BA(Rφ(M,u), Rψ(M,u)). By
definition, this is equivalent to show the identity
(∗) : δˆA(IM +Rh(u)) +Rψ(u) ∗ (IM +Rh(u))− (IM +Rh(u)) ∗Rφ(u) = 0.
We know that u :M ⊗SCB−−→M is a homogeneous morphism of degree 1 such
that δˆB(u) + u ∗ u = 0. Then, applying Rh and using (5.3), we get
0 = Rh(δˆB(u)) +Rh(u ∗ u)
= Rφ(u)−Rψ(u)− δˆARh(u) +Rh(u) ∗Rφ(u)−Rψ(u) ∗Rh(u).
That is δˆARh(u) +Rψ(u) ∗Rh(u)−Rh(u) ∗Rφ(u) +Rψ(u)−Rφ(u) = 0, which
is equivalent to the identity (∗).
Finally, we show that the family of classes η
(M,u)
: Rφ(M,u)−−→Rψ(M,u)
modulo homotopy of the morphisms η(M,u) = IM+Rh(u) : Rφ(M,u)−−→Rψ(M,u)
is a natural transformation. Take any homogeneous morphism f : (M,u)−−→(N, v)
of degree 0 in TGMod-BB. Hence, we have δˆB(f) + v ∗ f − f ∗ u = 0. Applying
Rh to the preceding equality, we obtain
0 = RhδˆB(f) +Rh(v ∗ f)−Rh(f ∗ u)
= Rφ(f)−Rψ(f)− δˆARh(f) +Rh(v) ∗Rφ(f)−Rψ(v) ∗Rh(f)
−Rh(f) ∗Rφ(u)−Rψ(f) ∗Rh(u).
Hence,
δˆARh(f) = Rφ(f)−Rψ(f) +Rh(v) ∗Rφ(f)−Rψ(v) ∗Rh(f)
−Rh(f) ∗Rφ(u)−Rψ(f) ∗Rh(u).
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Let us compute the difference D = η(N,v) ∗Rφ(f)−Rψ(f) ∗ η(M,u).
D = (IN +Rh(v)) ∗Rφ(f)−Rψ(f) ∗ (IM +Rh(u))
= Rφ(f)−Rψ(f) +Rh(v) ∗Rφ(f)−Rψ(f) ∗Rh(u)
= δˆARh(f) +Rh(f) ∗Rφ(u) +Rψ(v) ∗Rh(f).
Hence, D is null-homotopic in TGMod0-BA. This finishes the proof.
Corollary 5.5. Let φ : BA−−→BB be a homotopy equivalence of triangular S-
bocses. Then, the corresponding restriction functor determines an equivalence
of categories
Rφ : TGMod
0-BB−−→TGMod
0-BA.
Proof. If φ is a homotopy equivalence, its class modulo homotopy φ has an
inverse ψ, for some morphism of triangular S-bocses ψ : BB−−→BA. Then we
have φψ = φψ ∼ idBB and ψφ = ψ φ ∼ idBA . Therefore, we get isomorphisms
of functors RφRψ = Rψφ
∼= idTGMod0-BA and RψRφ = Rφψ
∼= idTGMod0-BB .
6 Splitting idempotents for twisted modules
In this section we show that idempotents split in the category TGMod0-B,
where B is any triangular differential graded S-bocs. We start with some simple
considerations on the additivity of the category TGMod-B.
Lemma 6.1. Given a graded S-bocs B = (C, µ, ǫ), there is a functor of graded
k-categories
L = LB : GMod-S−−→GMod-B
which acts as the identity on objects and for any homogeneous morphism f :
M−−→N of right graded S-modules, by definition
L(f) = [M ⊗S C
idM⊗ǫ−−−−→M ⊗S S ∼=M
f
−−→N ].
As a consequence, GMod-B is an additive category. When ǫ is surjective, the
functor L is faithful and we call it the canonical embedding.
Remark 6.2. If σj : Mj−−→
⊕n
i=1Mi and πj :
⊕n
i=1Mi−−→Mj denote, re-
spectively, the injection and projection maps corresponding to the direct sum
M =
⊕n
i=1Mi in GMod-S, we have that σj := L(σj) : Mj−−→
⊕n
i=1Mi and
πj := L(πj) :
⊕n
i=1Mi−−→Mj are, respectively, the injection and projection
morphisms corresponding to the direct sum
⊕n
i=1Mi in GMod-B. We will work
with the usual matrix notation (gj,i) for a morphism g :
⊕m
i=1Mi−−→
⊕n
j=1Nj
in an additive category, the context will always permit the reader to avoid con-
fusion with this notation: in GMod-B, this means that gj,i = πj ∗ g ∗ σi and,
therefore, g =
∑
i,j σj ∗ gj,i ∗ πi.
Notice also that, for a differential graded S-bocs B with differential δ, from
the definition of the differential δ̂ on the category GMod-B and (2.2), we imme-
diately obtain that δ̂(L(h)) = 0 for any morphism h :M−−→N in GMod-S.
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Moreover, if B is a differential graded S-bocs, the category TGMod-B is
additive too: given (M1, u1), (M2, u2) ∈ TGMod-B, their direct sum is
(M1 ⊕M2, u), where u =
(
u1 0
0 u2
)
∈ Hom1GMod-B(M1 ⊕M2,M1 ⊕M2).
The injections are the morphisms σi : (Mi, ui)−−→(M1 ⊕ M2, u), while the
projections are the morphisms πi : (M1 ⊕ M2, u)−−→(Mi, ui). Indeed, since
u = σ1 ∗ u1 ∗ π1 + σ2 ∗ u2 ∗ π2, we obtain u ∗ σi = σi ∗ ui ∗ πi ∗ σi = σi ∗ ui.
Therefore, δ̂(σi)+u∗σi−σi∗ui = 0. Similarly, we have δ̂(πi)+ui∗πi−πi∗u = 0.
Given a morphism g :
⊕m
i=1Mi−−→
⊕n
j=1Nj in GMod-B, with associated
matrix (gj,i), from Leibniz rule, we have δ̂(g) =
∑
i,j σj ∗ δ̂(gj,i) ∗ πi. Then, we
have δ̂(g)t,s = πt ∗ δ̂(g) ∗ σs = πt ∗ σt ∗ δ̂(gt,s) ∗ πs ∗ σs = δ̂(gt,s), which means
that the image under δ̂ of the matrix (gj,i) is the matrix of images (δ̂(gj,i)).
Lemma 6.3. Let B = (C, µ, ǫ, δ) be a differential graded S-bocs. Assume that e :
(M,u)−−→(M,u) is an idempotent morphism in the category TGMod0-B such
that the idempotent e :M−−→M splits in GMod0-B, then e splits in TGMod0-B.
Proof. By assumption, there is an isomorphism h :M−−→M1⊕M2 in GMod
0-B
such that the following diagram commutes in GMod0-B
M
h
−−→ M1 ⊕M2
e
y
y

IM1 0
0 0


M
h
−−→ M1 ⊕M2
where M1 ⊕M2 is the direct sum of graded right B-modules.
According to (4.11), there is some v ∈ Hom1GMod-B(M1 ⊕ M2,M1 ⊕ M2)
such that h : (M,u)−−→(M1 ⊕M2, v) is an isomorphism in TGMod
0-B. Then,
h ∗ e ∗h−1 : (M1⊕M2, v)−−→(M1⊕M2, v) is a morphism in TGMod
0-B. Thus,
δ̂(h ∗ g ∗ h−1) + v ∗ (h ∗ e ∗ h−1) − (h ∗ e ∗ h−1) ∗ v = 0. But δ̂(h ∗ e ∗ h−1) =
δ̂
(
IM1 0
0 0
)
= 0, because δ̂(IM1 ) = 0. Hence, (h ∗ e ∗ h
−1) ∗ v = v ∗ (h ∗ e ∗ h−1).
It follows that
v =
(
v1 0
0 v2
)
, with v1 ∈ Hom
1
GMod-B(M1,M1) and v2 ∈ Hom
1
GMod-B(M2,M2).
Then, from the equality δ̂(v) + v ∗ v = 0, we obtain the equalities
δ̂(v1) + v1 ∗ v1 = 0 and δ̂(v2) + v2 ∗ v2 = 0.
Then, (M1, v1) and (M2, v2) belong to TGMod-B, and
h : (M,u)−−→(M1, v1)⊕ (M2, v2)
is an isomorphism in TGMod0-B with h ∗ e ∗ h−1 =
(
IM1 0
0 0
)
, thus e splits in
TGMod0-B, as claimed.
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For the sake of computational simplicity, it is convenient to rewrite the
morphisms of the category GMod-B in a slightly different way.
Definition 6.4. Given a normal graded S-bocs B = (C, µ, ǫ), we can consider
the following category GModI-B. Its objects are the graded right S-modules and,
for d ∈ Z, a morphism f : M−−→N of degree d is a pair f = (f0, f1), where
f0 : M−−→N and f1 : C−−→HomGMod-k(M,N) are homogeneous morphisms,
f0 of right S-modules and f1 of S-S-bimodules, of degree d. Thus, the hom
spaces are given by
HomdGModI-B(M,N) = Hom
d
GMod-S(M,N)×Hom
d
GMod-S-S(C,HomGMod-k(M,N)).
The composition in this category is transfered from the composition in the
category GMod-B with the help of the natural isomorphism
η : HomGMod-S(M ⊗ C,N)−−→HomGMod-S-S(C,HomGMod-k(M,N)).
So, the composition of two morphisms f :M−−→N and g : N−−→L in GModI-B
is given by g ∗ f = ((g ∗ f)0, (g ∗ f)1), where (g ∗ f)0 = g0f0 and the morphism
of graded S-S-bimodules (f ∗ g)1 : C−−→Hom∗GMod-k(M,N) is given by
(g ∗ f)1(c) = g1(c)f0 + g0f1(c) +
∑
i
g1(c2i )f
1(c1i ), where µ(c) =
∑
i
c1i ⊗ c
2
i .
It is easy to show that the bijection (f0, f1) 7→ (f0, η(f1)) determines an
isomorphism of categories GMod-B−−→GModI-B. The formula for the composi-
tion of morphisms in GModI-B is the translation of the composition in GMod-B
using the precedent bijection.
Lemma 6.5. For any graded triangular S-bocs B, idempotents split in GMod0-B.
Proof. In this proof, for the sake of notational simplicity, we write gf instead
of g ∗ f to indicate the composite morphism in GModI0-B.
It will be enough to show that any idempotent morphism e = (e0, e1) :
M−−→M splits in GModI0-B. Since idempotents clearly split in GMod-S, it
will be enough to show that there is an isomorphism h : M−−→M such that
(heh−1)1 = 0. Adopt the notation of (4.6), make C−1 := 0, and let us first show
the following.
Claim 1: There is a sequence of isomorphisms M
h1−−→M
h2−−→M
h3−−→· · · in
GModI0-B such that, for each i ≥ 1, we have
1. Each isomorphism has the form hi = (idM , h
1
i );
2. h1i (Ci−2) = 0; and
3. For ei := hi · · ·h2h1eh
−1
1 h
−1
2 · · ·h
−1
i , we have e
1
i (Ci−1) = 0.
Proof of the Claim 1: The inductive argument is essentially the same as the
one given in [2](5.12), but we recall it for the sake of the reader. At the base
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of the induction, we have the isomorphism h1 = (idM , 0) : M−−→M such that
h11(C−1) = 0 and the idempotent e1 := e such that e
1
1(C0) = 0.
Assume that we have constructed the isomorphisms h1, . . . , hi satisfying con-
ditions 1–3. Notice that ei is idempotent, and so is e
0
i . From e
1
i (Ci−1) = 0
and the triangularity we obtain, for c ∈ Ci that e
1
i (c) = (e
2
i )
1(c) = e0i e
1
i (c) +
e1i (c)e
0
i . Hence, e
0
i e
1
i (c)e
0
i = 0. Now, for c ∈ C define h
1
i+1(c) := e
1
i (c)f
0
i ,
where f0i ∈ HomGMod-S(M,M) will be specified in a moment. Then, clearly
h1i+1(Ci−1) = 0 and h
1
i+1 ∈ HomGMod-S-S(C,HomGMod-k(M,M)). Then, the
pair hi+1 = (1M , h
1
i+1) :M−−→M is a morphism in GModI
0-B. From (4.8), we
know that hi+1 is an isomorphism in GModI
0-B.
Let gi+1 := h
−1
i+1 : M−−→M . Then, g
0
i+1 = 1M and, since (gi+1hi+1)
1 = 0,
we obtain for c ∈ Ci that g
1
i+1(c) = −h
1
i+1(c). Then, by triangularity, we have
for c ∈ Ci,
(hi+1eigi+1)
1(c) = h0i+1(eigi+1)
1(c) + h1i+1(c)(eigi+1)
0
= e0i g
1
i+1(c) + e
1
i (c) + h
1
i+1(c)e
0
i
= −e0i e
1
i (c)f
0
i + e
1
i (c) + e
1
i (c)f
0
i e
0
i
= −e0i e
1
i (c)f
0
i + e
0
i e
1
i (c) + e
1
i (c)e
0
i + e
1
i (c)f
0
i e
0
i .
Since e0i e
1
i (c)e
0
i = 0, choosing f
0
i := 1M − 2e
0
i we obtain the equality e
1
i+1(c) =
(hi+1eigi+1)
1(c) = 0, as we wanted. 
From (1) and (2), we obtain, for i ≥ 1 and c ∈ Ci−1, the equality
(hi+1 · · ·h2h1)
1(c) = (hi · · ·h2h1)
1(c).
Indeed, this is clear for i = 1. For i ≥ 2, we have (hi · · ·h2h1)
0 = idM and
h0i+1 = idM . By assumption, µ(c) =
∑
t c
1
t ⊗ c
2
t , with c
1
t , c
2
t ∈ Ci−2. Then, we
obtain
(hi+1 · · ·h2h1)
1(c) = (hi+1(hi · · ·h2h1))
1(c)
= h1i+1(c) + (hi · · ·h2h1)
1(c)
+
∑
t h
1
i+1(c
2
t )(hi · · ·h2h1)
1(c1t )
= (hi · · ·h2h1)
1(c).
Then, we can consider the map h1 : C−−→HomGMod-k(M,M) defined by
h1(c) = (hi · · ·h2h1)
1(c), for c ∈ Ci−1.
Since h1 is a morphism of graded S-S-bimodules, we can consider the isomor-
phism h = (idM , h
1) :M−−→M in GModI0-B.
The statement (4.7) gives us in this context that any morphism of the form
g = (0, g1) :M−−→M satisfies that for any i ≥ 1 there is some ni ∈ N such that
for c ∈ Ci and n ≥ ni we have (g
n)1(c) = 0. So, we have a well defined morphism∑∞
n=0 g
n :M−−→M . So, consider g := (0,−h1) and notice that h = IM − g, so
h−1 =
∑∞
n=0 g
n = IM +
∑∞
n=1 g
n. In particular, (h−1)1 =
∑∞
n=1[(0,−h
1)n]1.
Consider the iterated comultiplication µn : C−−→C
⊗(n+1)
, defined recur-
sively, for n ≥ 1, by µ0 = idC and µ
n = (idC ⊗ µ
(n−1))µ.
Claim 2: Given any morphism of the form g = (0, g1) : M−−→M in
GModI0-B, the following holds
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1. For n ≥ 1 and c ∈ C, we have
(gn)1(c) =
∑
t
g1(cnt ) · · · g
1(c1t ), where µ
(n−1)(c) =
∑
t
c1t ⊗ · · · ⊗ c
n
t .
2. Moreover, for n ≥ 2, i ≥ 1, and ci ∈ Ci, we have c
1
t , . . . , c
n
t ∈ Ci−1.
Proof of the Claim 2: We proceed by induction. Item (1) holds trivially for
n = 1. So assume item (1) holds for n. Then, for c ∈ C, we have
µn(c) = (idC ⊗ µ
(n−1))µ(c)
= (idC ⊗ µ
(n−1))(
∑
s c
1
s ⊗ c
2
s)
=
∑
s c
1
s ⊗ µ
(n−1)(c2s)
=
∑
s
∑
ts
c1s ⊗ c
2
ts
⊗ · · · ⊗ cn+1ts
where µ(c) =
∑
s c
1
s ⊗ c
2
s and, for each s, µ
(n−1)(c2s) =
∑
ts
c2ts ⊗ · · · ⊗ c
n+1
ts
.
Thus,
(gn+1)1(c) =
∑
s
(gn)1(c2s)g
1(c1s) =
∑
s
∑
ts
g1(cn+1ts ) · · · g
1(c2ts)g
1(c1s).
Now, if n ≥ 2, i ≥ 1, and c ∈ Ci, we have from the triangularity condition that
c1s ∈ Ci−1. We also have that c
2
ts
, . . . , cn+1ts ∈ Ci−1 by the induction hypothesis
for item (2). The Claim 2 is proved. 
Assume that n ≥ 1, c ∈ Ci−1, and µ
(n−1)(c) =
∑
t c
1
t ⊗ · · · ⊗ c
n
t , then
[(0,−h1)n]1(c) = (−1)n
∑
t h
1(cnt ) · · ·h
1(c1t )
= (−1)n
∑
t(hi · · ·h1)
1(cnt ) · · · (hi · · ·h1)
1(c1t )
= [(0,−(hi · · ·h1)
1)n]1(c),
and
(h−1)1(c) =
∞∑
n=1
[(0,−h1)n]1(c) =
∞∑
n=1
[(0,−(hi · · ·h1)
1)n]1(c) = [(hi · · ·h1)
−1]1(c).
Claim 3: Let p, q :M−−→M be any morphisms in GModI0-B. Then,
1. Given a family of morphisms {pi : M−−→M}i≥1 in GModI
0-B such that
p0i = p
0 and p1i (c) = p
1(c), for i ≥ 1 and c ∈ Ci−1, we have
(qpi)
1(c) = (qp)1(c), for c ∈ Ci−1.
2. Given a family of morphisms {qi : M−−→M}i≥1 in GModI
0-B such that
q0i = q
0 and q1i (c) = q
1(c), for i ≥ 1 and c ∈ Ci−1, we have
(qip)
1(c) = (qp)1(c), for c ∈ Ci−1.
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Proof of Claim 3: (1): For c ∈ Ci−1, we have µ(c) =
∑
t c
1
t ⊗ c
2
t , with
c1t , c
2
t ∈ Ci−1, so
(qp)1(c) = q0p1(c) + q1(c)p0 +
∑
t q
1(c2t )p
1(c1t )
= q0p1i (c) + q
1(c)p0i +
∑
t q
1(c2t )p
1
i (c
1
t )
= (qpi)
1(c).
The proof of (2) is similar. 
Then, for c ∈ C, say with c ∈ Ci−1, we have
(heh−1)1(c) = (hi · · ·h1eh
−1)1(c) = (hi · · ·h1e(hi · · ·h1)
−1)1(c) = e1i (c) = 0.
Therefore, (heh−1)1 = 0, as we wanted to show.
Definition 6.6. Let B = (C, µ, ǫ) be a graded S-bocs. A graded right B-
comodule (M,µM ) is called induced iff it is isomorphic to a right B-comodule
of the form IndB(N) = (N ⊗ C, idN ⊗ µ) for some N ∈ GMod-S. We denote
by GCoind-B the full subcategory of GComod-B formed by the induced B-
comodules. So GCoind-B is an additive subcategory of GComod-B.
If B = (C, µ, ǫ, δ) is a differential graded S-bocs, a differential graded right B-
comodule (M,µM , δM ) is called induced iff (M,µM ) ∈ GCoind-B. The full sub-
category of DGComod-B formed by the differential graded induced B-comodules
will be denoted by DGCoind-B. So, DGCoind-B is an additive subcategory of
DGComod-B.
Here again the superindex 0 in GCoind0-B and DGCoind0-B indicates the
subcategory with all objects and only degree zero morphisms.
Proposition 6.7. Let B = (C, µ, ǫ, δ) be a triangular differential graded S-bocs.
Then, in the categories GMod0-B, GCoind0-B, TGMod0-B, and DGCoind0-B
idempotents split.
Proof. From (6.5), idempotents split in GMod0-B. But GMod0-B is equivalent
to this category, so idempotents split in GMod0-B. By (6.3), idempotents split
in TGMod0-B,
By (3.4), we know that the categories GMod0-B and GCoind0-B are equiva-
lent categories, and that TGMod0-B and DGCoind0-B are equivalent categories,
so idempotents split in GCoind0-B and in DGCoind0-B.
Remark 6.8. Given a triangular graded S-bocs B, we have the equivalent
categories GMod-B ≃ GMod-B ≃ GModI-B. Then, we have canonical embed-
dings GMod-S−−→GMod-B and GMod-S−−→GModI-B which we denote with
the same symbol L, as in (6.1).
Notice that given h :M−−→N in GMod-S, we have L(h) = (h, 0) in GMod-B
and in GModI-B.
The following statement can be proved as in [2](6.2).
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Lemma 6.9. Let B be a triangular graded S-bocs. Then, any exact sequence
0−−→M
f0
−−→E
g0
−−→N−−→0
in GMod-S determines an exact pair M
(f0,0)
−−−−→E
(g0,0)
−−−−→N in GModI-B.
Lemma 6.10. Let B be a triangular graded S-bocs. Then, for any morphism
f = (f0, f1) :M−−→N in GMod0-B the following holds.
1. If f0 is surjective, there is an automorphism h of M such that (f ∗h)1 = 0.
2. If f0 is injective, there is an automorphism h of N such that (h ∗ f)1 = 0.
Proof. We will prove only (1). Assume that f0 : M−−→N is surjective in
GMod-S. Since S is semisimple, f0 is a retraction. Choose a right inverse
t0 : N−−→M for f0. Adopt the notation of (4.6), skip the star in the notation for
the composition in GModI0-B, and make C−1 = 0. We first show the following.
Claim: There is a sequence of isomorphisms · · ·
h3−−→M
h2−−→M
h1−−→M such
that, for each i ≥ 1, we have
1. Each isomorphism has the form hi = (idM , h
1
i );
2. h1i (Ci−2) = 0; and
3. For fi := fh1h2 · · ·hi, we have f
1
i (Ci−1) = 0.
Proof of the Claim. The inductive argument is essentially the same as the
one given in [2](5.7), but we rephrase it here for the sake of the reader. At the
base of the induction, we have the isomorphism h1 = (idM , 0) : M−−→M such
that h11(C−1) = 0 and the morphism f1 = f is such that f
1
1 (C0) = 0.
Assume that we have constructed the isomorphisms h1, . . . , hi satisfying con-
ditions 1–3 and define h1i+1(c) := −t
0f1i (c), for c ∈ C.
Clearly h1i+1(Ci−1) = 0 and h
1
i+1 ∈ Hom
0
GMod-S-S(C,HomGMod-k(M,M)).
Then, the pair hi+1 = (idM , h
1
i+1) : M−−→M is a morphism in GModI
0-B.
From (4.8), we know that hi+1 is an isomorphism in GModI
0-B. Moreover,
for c ∈ Ci, we have µ(c) =
∑
t c
1
t ⊗ c
2
t , with c
1
t , c
2
t ∈ Ci−1. Notice also that
f0i = (fh1 · · ·hi)
0 = f0 and h0i+1 = idM . Then, we have
f1i+1(c) = (fihi+1)
1(c)
= f0i h
1
i+1(c) + f
1
i (c)h
0
i+1 +
∑
t f
1
i (c
2
t )h
1
i+1(c
1
t )
= −f0t0f1i (c) + f
1
i (c) = 0,
as we wanted. 
From (1) and (2), we obtain, for i ≥ 1 and c ∈ Ci−1, the equality
(h1h2 · · ·hi+1)
1(c) = (h1h2 · · ·hi)
1(c).
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Indeed, this is clear for i = 1. For i ≥ 2, we have (h1h2 · · ·hi)
0 = idM and
h0i+1 = idM . By assumption, µ(c) =
∑
t c
1
t ⊗ c
2
t , with c
1
t , c
2
t ∈ Ci−2. Then, we
obtain
(h1h2 · · ·hi+1)
1(c) = ((h1h2 · · ·hi)hi+1))
1(c)
= (h1h2 · · ·hi)
1(c) + h1i+1(c)
+
∑
t(h1h2 · · ·hi)
1(c2t )h
1
i+1(c
1
t )
= (h1h2 · · ·hi)
1(c).
Then, we can consider the map h1 : C−−→HomGMod-k(M,M) defined by
h1(c) = (h1h2 · · ·hi)
1(c), for c ∈ Ci−1.
Since h1 is a morphism of graded S-S-bimodules, we can consider the isomor-
phism h = (idM , h
1) : M−−→M in GModI0-B. For c ∈ C, say with c ∈ Ci−1,
we have
(fh)1(c) = (fh1h2 · · ·hi)
1(c) = f1i (c) = 0.
Proposition 6.11. Let B be a triangular differential S-bocs. Denote by E0 the
class of composable pairs M
f
−−→E
g
−−→N in GMod0-B such that g ∗ f = 0 and
0−−→M
f0
−−→E
g0
−−→N−−→0
is an exact sequence in GMod-S. Then we have:
1. The pair (GMod0-B, E0) is an exact category. The class E0 consists of the
split exact pairs in GMod0-B.
2. A morphism f :M−−→E in GMod0-B is an E0-inflation iff f
0 :M−−→E
is injective.
3. A morphism g : E−−→N in GMod0-B is an E0-deflation iff g
0 : E−−→N
is surjective.
Proof. By (6.5), we already know in the category GModI0-B idempotents split.
Follow the argument of the proof of [2](6.6 and 6.7), using (6.9) and (6.10), to
show that (GMod0-B, E0) is an exact category. From (4.10), (4.8), and (6.9) we
get that any composable pair in E0 is a split exact pair in GMod
0-B.
7 The Frobenius category of twisted modules
Given a triangular differential graded S-bocs B = (C, µ, ǫ, δ) we will describe a
natural structure of a Frobenius category on TGMod0-B, in the following sense.
Definition 7.1. Let A be an additive k-category where idempotents split, and
let E be an exact structure on A. Then (A, E) is called a Frobenius category iff
it has enough E-projectives and enough E-injectives and, moreover, the class of
E-projectives coincides with the class of E-injectives.
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Definition 7.2. Consider the class E of composable morphisms in TGMod0-B
(M,u)
f
−−→ (E, v)
g
−−→ (N,w)
such that g ∗ f = 0 and the short sequence of first components
0 −−→ M
f0
−−→ E
g0
−−→ N −−→ 0
is an exact sequence in GMod-S. Equivalently, the composable pair
M
f
−−→E
g
−−→N
is a split exact pair in GMod0-B.
Lemma 7.3. Any composable pair of morphisms in TGMod0-B of the form
(M1, u1)
s=(IM1 ,0)
t
−−−−−−−→ (M1 ⊕M2, v)
p=(0,IM2)−−−−−−−→ (M2, u2)
belongs to E and is an exact pair in TGMod0-B.
Proof. Clearly M1
s
−−→M1 ⊕M2
p
−−→M2 is a split exact pair in GMod
0-B.
In order to show that s is the kernel of p in TGMod0-B, take any morphism
t : (N,w)−−→(M1 ⊕M2, v) in TGMod
0-B such that p ∗ t = 0. Then, there is a
morphism t′ : N−−→M1 in GMod
0-B such that t = s ∗ t′.
We have δ̂(t) = δ̂(s ∗ t′) = s ∗ δ̂(t′). Since s is a morphism in TGMod0-B, we
have δ̂(s) + v ∗ s − s ∗ u1 = v ∗ s − s ∗ u1, so v ∗ s = s ∗ u1. We also have that
δ̂(t) + v ∗ t− t ∗ w = 0. Then,
s ∗ [δ̂(t′) + u1 ∗ t
′ − t′ ∗ w] = s ∗ δ̂(t′) + s ∗ u1 ∗ t
′ − s ∗ t′ ∗ w
= δ̂(t) + v ∗ s ∗ t′ − s ∗ t′ ∗ w
= δ̂(t) + v ∗ t− t ∗ w = 0.
Since s is a monomorphism in GMod0-B, we obtain δ̂(t′)+u1∗ t
′− t′ ∗w = 0. So
t′ : (N,w)−−→(M1, u1) is a morphism in TGMod
0-B. Hence, s is the kernel of
p in TGMod0-B. The proof of the fact that the cokernel of s is p in TGMod0-B
is dual.
Lemma 7.4. Let B be a triangular differential S-bocs. Then, we have:
1. A morphism g : (M,u)−−→(M2, u2) in TGMod
0-B is an E-deflation iff
g :M−−→M2 is a retraction in GMod
0-B.
2. A morphism f : (M1, u1)−−→(M,u) in TGMod
0-B is an E-inflation iff
f :M1−−→M is a section in GMod
0-B.
3. Every composable pair in E is an exact pair in TGMod0-B.
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Proof. (1): Assume that g : M−−→M2 is a retraction in GMod
0-B. Since in
GMod0-B idempotents split, the retraction g has a kernel and, moreover, there
is a commutative diagram in GMod0-B
M1
f
−−→ M
g
−−→ M2
‖
yh ‖
M1
s=(IM1 ,0)
t
−−−−−−→ M1 ⊕M2
p=(0,IM2 )−−−−−→ M2,
where h : M−−→M1 ⊕M2 is an isomorphism. From (4.11), we know there is
v ∈ Hom1GMod-B(M1⊕M2,M1⊕M2) such that h : (M,u)−−→(M1⊕M2, v) is an
isomorphism in TGMod0-B. Therefore, g ∗ h−1 : (M1⊕M2, v)−−→(M2, u2) is a
morphism in TGMod0-B, so δ̂(g ∗h−1)+u2 ∗ (g ∗h
−1)− (g ∗h−1) ∗ v = 0. Since
δ̂(g ∗h−1) = δ̂(p) = 0, we obtain u2 ∗ (g ∗h
−1) = (g ∗h−1) ∗ v. This implies that
v =
(
u1 x
0 u2
)
, where u1 ∈ Hom
1
GMod-B(M2,M2) and x ∈ Hom
1
GMod-B(M2,M1).
Moreover, the equation δ̂(v) + v ∗ v = 0 implies that (M1, u1) ∈ TGMod-B.
Notice also that s : (M1, u1)−−→(M1 ⊕M2, v) is a morphism in TGMod
0-B,
because
δ̂(s) + v ∗ s− s ∗ u1 =
(
u1 x
0 u2
)
∗
(
IM1
0
)
−
(
IM1
0
)
∗ u1 = 0.
Then, the composable pair (M1, u1)
f
−−→(M,u)
g
−−→(M2, u2) in the category
TGMod0-B belongs to E and g : (M,u)−−→(M2, u2) is an E-deflation.
The proof of (2) is similar.
(3): Consider any composable pair (L,w)
f
−−→(M,u)
g
−−→(M2, u2) in E . Then,
g :M−−→M2 is a retraction in GMod
0-B, so we can apply the preceding argu-
ment to construct the following commutative diagram in TGMod0-B
(L,w)
f
−−→ (M,u)
g
−−→ (M2, u2)yh ‖
(M1, u1)
s=(IM1 ,0)
t
−−−−−−→ (M1 ⊕M2, v)
p=(0,IM2)−−−−−→ (M2, u2),
where h is an isomorphism. From (7.3), we know that the second row is an
exact pair in TGMod0-B. Then, since p ∗ h ∗ f = 0, there is a morphism
t : (L,w)−−→(M1, u1) in TGMod
0-B such that s ∗ t = h ∗ f . If we consider the
first components of the underlying diagram in GMod-S, we have the following
commutative diagram where the vertical arrows are isomorphisms
L
f0
−−→ M
g0
−−→ M2yt0
yh0 ‖
M1
s0
−−→ M1 ⊕M2
p0
−−→ M2.
Hence t : (L,w)−−→(M1, u1) is an isomorphism in TGMod
0-B. It follows that
the composable pair (L,w)
f
−−→(M,u)
g
−−→(M2, u2) is exact.
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Proposition 7.5. Let B be a triangular S-bocs, then we have the following.
1. The pair (TGMod0-B, E) is an exact category.
2. A morphism f : (M,uM )−−→(E, uE) in TGMod
0-B is an E-inflation iff
f0 :M−−→E is injective.
3. A morphism g : (E, uE)−−→(N, uN ) in TGMod
0-B is an E-deflation iff
g0 : E−−→N is surjective.
Proof. From the last section, we know that idempotents split in TGMod0-B.
The description of the E-inflations and the E-deflations follows from (7.4) and
(6.11). The fact that E is a class of exact pairs closed under isomorphisms,
follows from (7.4).
Consider a morphism f : Z ′−−→Z and a deflation d : Y−−→Z in TGMod0-B.
Consider the morphism (f, d) : Z ′
⊕
Y−−→Z in TGMod0-B. Since d : Y−−→Z
is a deflation, the morphism d : Y−−→Z is a retraction in GMod0-B and, there-
fore, so is (f, d) : Z ′ ⊕ Y−−→Z. Then, (f, d) : Z′
⊕
Y−−→Z is a deflation in
TGMod0-B and it appears in an exact pair of E
Y ′
(d̂,−f̂)t
−−−−−→ Z ′
⊕
Y
(f,d)
−−−→ Z.
Therefore, we have a pull-back diagram in the category TGMod0-B
Y ′
d̂
−−→ Z ′
f̂
y
yf
Y
d
−−→ Z,
and an exact sequence in GMod-S given by the first components
Y ′
(d̂0,−f̂0)t
−−−−−−→ Z ′
⊕
Y
(f0,d0)
−−−−→ Z.
So we have the pullback-diagram in the category GMod-S
Y ′
d̂0
−−→ Z ′
f̂0
y
yf0
Y
d0
−−→ Z.
Since d0 is surjective, then d̂0 is surjective, thus d̂ : Y ′−−→Z ′ is a retraction,
and dˆ : Y ′−−→Z′ is an E-deflation.
The other requirements in the definition of an exact structure are easy to
verify for E using (7.4).
We shall see that TGMod0-B is a Frobenius category with the following
additional structure.
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Definition 7.6. A Frobenius category (A, E) is called special iff there are an
exact automorphism T : A−−→A and an endofunctor J : A−−→A such that
1. J(M) is E-projective, for any M ∈ A.
2. There are natural transformations α : idA−−→J and β : J−−→T such
that, for each M ∈ A the pair
ξM : M
αM−−→ J(M)
βM
−−→ T (M),
is an exact pair in E .
Remark 7.7. In the following lemma, recall that we have already defined,
for each graded S-module M its shifting M [1]. Thus M [1] =
⊕
i∈ZM [1]i, with
M [1]i =Mi+1, for i ∈ Z. We use also the canonical morphism σM :M−−→M [1]
of degree −1 determined by the identity map on M . The isomorphism σM :=
L(σM ) ∈ Hom
−1
GMod-B(M,M [1]) plays an important role in the following.
Lemma 7.8. Let B be a triangular differential S-bocs. Then, we have:
1. For each M ∈ GMod-B, make T (M) = M [1] and, for any morphism
f :M−−→N in GMod-B, make
T (f) = f [1] = σN ∗ f ∗ σ
−1
M :M [1]−−→N [1] in GMod-B.
Then, we have a degree preserving autofunctor T : GMod-B−−→GMod-B
with inverse T−1 given by T−1(M) =M [−1] and
T−1(f) = f [−1] = σ−1
N [−1] ∗ f ∗ σM [−1] :M [−1]−−→N [−1] in GMod-B.
It is called the shifting autofunctor of GMod-B.
2. For each (M,u) ∈ TGMod-B, make T (M,u) = (M [1],−u[1]) and, for any
morphism f : (M,u)−−→(N, v) in TGMod-B, make
T (f) = f [1] = σN ∗f ∗σ
−1
M : (M [1],−u[1])−−→(N [1],−v[1]) in TGMod-B.
Then, we have a degree preserving autofunctor T : TGMod-B−−→TGMod-B
with inverse T−1 given by T−1(M,u) = (M [−1],−u[−1]) and
T−1(f) = f [−1] = σ−1
N [−1]∗f∗σM [−1] : (M [−1],−u[−1])−−→(N [−1],−v[−1]).
The functor T is called the shifting autofunctor of TGMod-B.
3. Furthermore, the functor T : (TGMod0-B, E)−−→(TGMod0-B, E) is an
automorphism of exact categories, that is
T (M)
T (f)
−−−→T (E)
T (g)
−−−→T (N) ∈ E if and only if M
f
−−→E
g
−−→N ∈ E .
As a consequence, the functors T and T−1 preserve the clases of E-injectives
and E-projectives.
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Proof. The proof of (1) is easy. In order to prove (2), notice that given h :
M−−→N in GMod-B, using that δ̂(σM ) = 0 and Leibniz rule, we have
δ̂(h[1]) = δ̂[σN ∗ h ∗ σ
−1
M ] = −σN ∗ δ̂(h) ∗ σ
−1
M = −δ̂(h)[1].
Then, given (M,u) ∈ TGMod-B we have δ̂(u) + u ∗ u = 0. Thus,
δ̂(−u[1]) + (−u[1]) ∗ (−u[1]) = δ̂(u)[1] + u[1] ∗ u[1] = (δ̂(u) + u ∗ u)[1] = 0,
and (M [1],−u[1]) ∈ TGMod-B. Moreover, given a morphism f : (M,u)−−→(N, v)
in TGMod-B we have
δ̂(f [1]) + (−v[1]) ∗ f [1]− f [1] ∗ (−u[1]) = −δ̂(f)[1]− v[1] ∗ f [1] + f [1] ∗ u[1]
= −(δ̂(f) + v ∗ f − f ∗ u)[1] = 0,
so f [1] : (M [1],−u[1])−−→(N [1],−v[1]) is a morphism in TGMod-B. Now, it
is clear that T is an endofunctor of TGMod-B. It is easy to see that T is an
autofunctor with inverse functor T−1.
(3): Consider a composable pair (M,u)
f
−−→(E, v)
g
−−→(N,w) in the category
TGMod0-B and its image
(M [1],−u[1])
f [1]
−−→(E[1],−v[1])
g[1]
−−→(N [1],−w[1])
under the functor T . Clearly g ∗ f = 0 iff g[1] ∗ f [1] = 0. Notice that for
any morphism h : M−−→N in GMod-S, the first component L(h)0 of L(h) is
precisely h. So, σ0M = σM , for any M ∈ GMod-S. Hence, we have (f [1])
0 =
(σE ∗ f ∗ σ
−1
M )
0 = σ0Ef
0(σ0M )
−1 = σEf
0σ−1M and similarly for g. So we have the
commutative diagram in GMod-S
0 −−→ M
f0
−−→ E
g0
−−→ N −−→ 0yσM
yσE
yσN
0 −−→ M [1]
f [1]0
−−→ E[1]
g[1]0
−−→ N [1] −−→ 0,
where the vertical morphisms are isomorphisms. Hence, the first row is exact
iff the second one is so.
Proposition 7.9. For (M,uM ) ∈ TGMod-B, we write uM [1] := −uM [1], so we
have T (M,uM) = (M [1], uM [1]). There is a degree preserving endofunctor
J : TGMod-B−−→TGMod-B
such that, for any (M,uM ) ∈ TGMod-B we have
J(M,uM ) = (M ⊕M [1],
(
uM σ
−1
M
0 uM [1]
)
)
and, given a morphism f : (M,uM )−−→(N, uN) in TGMod-B, the morphism
J(f) is given by the matrix
J(f) =
(
f 0
0 f [1]
)
: J(M,uM )−−→J(N, uN ).
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Proof. Given (M,u) ∈ TGMod-B, we have
δ̂
(
uM σ
−1
M
0 uM [1]
)
+
(
uM σ
−1
M
0 uM [1]
)
∗
(
uM σ
−1
M
0 uM [1]
)
=
(
δ̂(uM ) + uM ∗ uM uM ∗ σ
−1
M + σ
−1
M ∗ uM [1]
0 δ̂(uM [1]) + uM [1] ∗ uM [1]
)
=
(
0 0
0 0
)
.
So, indeed, we have J(M,u) ∈ TGMod-B.
Given a morphism f : (M,uM )−−→(N, uN ) in TGMod-B, we have
δ̂
(
f 0
0 f [1]
)
+
(
uN σ
−1
N
0 uN [1]
)
∗
(
f 0
0 f [1]
)
−
(
f 0
0 f [1]
)
∗
(
uM σ
−1
M
0 uM [1]
)
=
(
δ̂(f) + uN ∗ f − f ∗ uM σ
−1
N ∗ f [1]− f ∗ σ
−1
M
0 δ̂(f [1]) + uN [1] ∗ f [1]− f [1] ∗ uM [1]
)
=
(
0 0
0 0
)
.
So, indeed, we have that J(f) : J(M,uM )−−→J(N, uN ) is a morphism in
TGMod-B. Since T : GMod-B−−→GMod-B is a k-functor, so is J .
Proposition 7.10. For (M,uM ), (N, uN ) ∈ TGMod-B, we have natural iso-
morphisms
η1 : Hom
0
TGMod-B((M,uM ), J(N, uN ))−−→Hom
0
GMod-B(M,N)
and
η2 : Hom
0
TGMod-B(J(M,uM ), (N, uN ))−−→Hom
0
GMod-B(M [1], N).
Any morphism of twisted graded B-modules f = (f1, f2)
t : (M,uM )−−→J(N, uN ),
with underlying codomain N ⊕N [1] in GMod-B is mapped on η1(f) = f1, and
any morphism g = (g1, g2) : J(M,uM )−−→(N, uN ) of twisted graded B-modules,
with undelying domain M ⊕M [1] in GMod-B is mapped on η2(g) = g2.
Proof. (1): Let f : (M,uM )−−→J(N, uN ) be a homogeneous morphism of
twisted graded B-modules with degree 0. Thus, f = (f1, f2)
t :M−−→N ⊕N [1]
is a morphism in GMod-B which satisfies the equation
δ̂
(
f1
f2
)
+
(
uN σ
−1
N
0 uN [1]
)
∗
(
f1
f2
)
−
(
f1
f2
)
∗ uM =
(
0
0
)
.
Equivalently, it satisfies the equations:
(a1) 0 = δ̂(f1) + uN ∗ f1 + σ
−1
N ∗ f2 − f1 ∗ uM
(b1) 0 = δ̂(f2) + uN [1] ∗ f2 − f2 ∗ uM
From the equality (a1), we obtain the following expression of f2 in terms of f1
f2 = σN ∗ f1 ∗ uM − σN ∗ δ̂(f1)− σN ∗ uN ∗ f1.
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Thus, the linear map η1 is injective.
Let us see that η1 is surjective. For this, take f1 ∈ Hom
0
GMod-B(M,N) and
define f2 by the equality (a1), so f := (f1, f2)
t ∈ Hom0GMod-B(M,N ⊕ N [1]).
Then,
f ∈ Hom0TGMod-B((M,uM ), J(N, uN )) iff equality (b1) holds.
We have the following
f2 ∗ uM = σN ∗ f1 ∗ (uM ∗ uM )− σN ∗ δ̂(f1) ∗ uM − σN ∗ uN ∗ f1 ∗ uM
= −σN ∗ [f1 ∗ δ̂(uM ) + δ̂(f1) ∗ uM + uN ∗ f1 ∗ uM ]
uN [1] ∗ f2 = uN [1] ∗ σN ∗ f1 ∗ uM − uN [1] ∗ σN ∗ δ̂(f1)− uN [1] ∗ σN ∗ uN ∗ f1
= −σN ∗ uN ∗ f1 ∗ uM + σN ∗ uN ∗ δ̂(f1) + σN ∗ uN ∗ uN ∗ f1
= σN ∗ [−uN ∗ f1 ∗ uM + uN ∗ δ̂(f1)− δ̂(uN ) ∗ f1]
and
δ̂(f2) = −σN ∗ δ̂(f1) ∗ uM − σN ∗ f1 ∗ δ̂(uM ) + σN ∗ δ̂(uN ) ∗ f1 − σN ∗ uN ∗ δ̂(f1)
= σN ∗ [−δ̂(f1) ∗ uM − f1 ∗ δ̂(uM ) + δ̂(uN) ∗ f1 − uN ∗ δ̂(f1)].
Then, we have that equation (b1) holds and η1(f) = f1. So η1 is an isomorphism,
which is clearly a natural transformation.
(2) Let g : J(M,uM )−−→(N, uN ) be a homogeneous morphism of twisted
graded B-modules with degree 0. Thus, g = (g1, g2) : M ⊕ M [1]−−→N is a
morphism in GMod-B which satisfies the equation
δ̂
(
g1 g2
)
+ uN ∗
(
g1 g2
)
−
(
g1 g2
)
∗
(
uM σ
−1
M
0 uM [1]
)
=
(
0 0
)
.
Equivalently, it satisfies the equations:
(a2) 0 = δ̂(g1) + uN ∗ g1 − g1 ∗ uM
(b2) 0 = δ̂(g2) + uN ∗ g2 − g1 ∗ σ
−1
M − g2 ∗ uM [1]
From the equality (b2), we obtain the following expression of g1 in terms of g2
g1 = δ̂(g2) ∗ σM + uN ∗ g2 ∗ σM − g2 ∗ uM [1] ∗ σM .
Thus, the linear map η2 is injective.
Let us see that η2 is surjective. For this, take g2 ∈ Hom
0
GMod-B(M [1], N)
and define g1 by the equality (b2), so g := (g1, g2) ∈ Hom
0
GMod-B(M ⊕M [1], N).
Then,
g ∈ Hom0TGMod-B(J(M,uM ), (N, uN )) iff equality (a2) holds.
We have the equalities
g1 ∗ uM = δ̂(g2) ∗ σM ∗ uM + uN ∗ g2 ∗ σM ∗ uM − g2 ∗ uM [1] ∗ σM ∗ uM
= −δ̂(g2) ∗ uM [1] ∗ σM − uN ∗ g2 ∗ uM [1] ∗ σM + g2 ∗ uM [1] ∗ uM [1] ∗ σM
= −[δ̂(g2) ∗ uM [1] + uN ∗ g2 ∗ uM [1] + g2 ∗ δ̂(uM [1])] ∗ σM
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uN ∗ g1 = uN ∗ δ̂(g2) ∗ σM + uN ∗ uN ∗ g2 ∗ σM − uN ∗ g2 ∗ uM [1] ∗ σM
= [uN ∗ δ̂(g2)− δ̂(uN ) ∗ g2 − uN ∗ g2 ∗ uM [1]] ∗ σM
and
δ̂(g1) = δ̂(uN ) ∗ g2 ∗ σM − uN ∗ δ̂(g2) ∗ σM − δ̂(g2) ∗ uM [1] ∗ σM − g2 ∗ δ̂(uM [1]) ∗ σM
= [δ̂(uN ) ∗ g2 − uN ∗ δ̂(g2)− δ̂(g2) ∗ uM [1] − g2 ∗ δ̂(uM [1])] ∗ σM .
Then, we have that equation (a2) holds and η2(g) = g2. So η2 is an isomorphism,
which is clearly a natural transformation.
Corollary 7.11. For each (M,u) ∈ TGMod-B, the twisted graded B-module
J(M,u) is E-projective and E-injective in the exact category (TGMod0-B, E).
Proof. Let us write M = (M,uM ) for the objects of TGMod-B. For each exact
pair M
f
−−→E
g
−−→N in E , we have a commutative diagram
Hom0TGMod-B(J(L),M)
f∗
−−→ Hom0TGMod-B(J(L), E)
g∗
−−→ Hom0TGMod-B(J(L), N)
↓ η2 ↓ η2 ↓ η2
Hom0GMod-B(L[1],M)
f∗
−−→ Hom0GMod-B(L[1], E)
g∗
−−→ Hom0GMod-B(L[1], N),
where the second row is exact with g∗ surjective and f∗ injective. Since η2 is a
natural isomorphism, the first row is exact with g∗ surjective and f∗ injective.
So J(L) is E-projective.
The argument showing that J(L) is E-injective is similar, now using η1.
For the rest of this section, we consider the restriction functors
T : TGMod0-B−−→TGMod0-B and J : TGMod0-B−−→TGMod0-B
denoted with the same symbols used for the functors T and J considered before.
Proposition 7.12. There are natural transformations α : idTGMod0-B−−→J
and β : J−−→T such that for each M ∈ TGMod-B we have an E-conflation
M
αM
−−→ J(M)
βN
−−→ T (M).
For M ∈ GMod-B, these morphisms are given by
αM = (IM , 0)
t : M−−→J(M) and βM = (0, IM [1]) : J(M)−−→N.
Proof. Consider the 0-degree homogeneous morphisms of twisted B-modules
αM := η
−1
1 (IM ) and βM := η
−1
2 (IM [1]),
which are described explicitely by the formulas for the inverses of η1 and η2
given in the proof of (7.10).
From (7.11) and (7.12), we immediately obtain the following.
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Corollary 7.13. The E-projective and the E-injective objects in the exact cat-
egory (TGMod0-B, E) are the direct summands of the objects J(M), for M ∈
TGMod-B.
Proposition 7.14. Let f : M−−→N be a morphism in TGMod0-B. Then, f
is homotopically trivial iff it factors through an E-projective twisted B-module.
Proof. Since the E-projective twisted B-modules coincide with the E-injective
twisted B-modules, a morphism f :M−−→N factors through an E-projective iff
it factors through αM . So we have to show that f factors through αM iff it is
homotopically trivial.
Suppose first that f factors through αM Then there is h = (h1, h2) ∈
Hom0TGMod-B(J(M), N) such that f = h ∗ αM . Then, f = h1 and the first
component of h is given by
h1 = δ̂(h2) ∗ σM + uN ∗ h2 ∗ σM − h2 ∗ uM [1] ∗ σM .
Hence,
f = δ̂(h2 ∗ σM ) + uN ∗ (h2 ∗ σM ) + (h2 ∗ σM ) ∗ uM ,
with h2 ∗ σM ∈ Hom
−1
GMod-B(M,N). So, f is homotopically trivial.
Assume now that f :M−−→N is homotopically trivial and take a morphism
g ∈ Hom−1GMod-B(M,N) such that f = δ̂(g)+uN ∗ g+ g ∗uM . Now, consider the
morphism h2 := g ∗ σ
−1
M ∈ Hom
0
GMod-B(M [1], N). Then, we have
f = δ̂(h2 ∗ σM ) + uN ∗ (h2 ∗ σM ) + (h2 ∗ σM ) ∗ uM
= δ̂(h2) ∗ σM + uN ∗ h2 ∗ σM − h2 ∗ uM [1] ∗ σM .
Then, h = (f, h2) ∈ Hom
0
TGMod-B(J(M), N) satisfies f = h ∗ αM .
Definition 7.15. Let B be a triangular differential graded S-bocs. Then, a
sequence of morphisms
(M,uM )
f
−−→(E, uE)
g
−−→(N, uN )
h
−−→T (M,uM)
in the homotopic category TGMod0-B such that
ξ : (M,uM )
f
−−→(E, uE)
g
−−→(N, uN )
is an exact pair in E and we have a commutative diagram of the form
ξ : (M,uM )
f
−−→ (E, uE)
g
−−→ (N, uN)
‖
y h
y
ξM : (M,uM )
αM
−−→ J(M,uM )
βM
−−→ T (M,uM )
in TGMod0-B is called a canonical triangle in TGMod0-B. Notice that, in this
case, we have ξMh = ξ. Now, consider the class T of sequences of morphisms
X
u
−−→Y
v
−−→Z
w
−−→TX
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in TGMod0-B which are isomorphic to canonical triangles. That is, there is a
canonical triangle M
f
−−→E
g
−−→N
h
−−→TM and isomorphisms a, b, c such that
the following diagram commutes
X
u
−−→ Y
v
−−→ Z
w
−−→ TX
a
y b
y c
y T (a)
y
M
f
−−→ E
g
−−→ N
h
−−→ TM.
The elements of T are called the triangles of TGMod0-B.
The following result follows from the general theory for special Frobenius
categories, see [5] and [1].
Theorem 7.16. Let B be a triangular differential graded S-bocs. Then the
category TGMod0-B is a special Frobenius category with the automorphism T of
(7.8) and the endofunctor J described in (7.9), both restricted to TGMod0-B.
The stable category TGMod0-B with the automorphism T and the class of
triangles T defined above is a triangulated category.
8 Quasi-isomorphisms of twisted modules
Before, the proof of our theorem (8.3), we fix some useful notation.
Remark 8.1. Given a graded differential S-bocs B = (C, µ, ǫ, δ), the equiv-
alence of categories F : GMod-B−−→GMod-B described in (4.4) permits to
transfer the differential δ̂ of the category GMod-B to a differential δ̂ on the
graded category GModI-B.
Thus, given a homogeneous morphism f = (f0, f1) : M−−→N in GModI-B,
we have δ̂(f) = (0, δ̂(f)1), where for any homogeneous elements m ∈ M and
c ∈ C, we have
δ̂(f)1(c)[m] = (−1)|f |+|m|+1f1(δ(c))[m].
If g : M−−→N is a morphism in GMod-B, then δ̂(F (g)) = F (δ̂(g)). So F
determines an equivalence of the differential graded categories GMod-B and
GModI-B.
Then, the category of twisted B-modules TGModI-B is formed by the pairs
M = (M,uM ), with uM ∈ Hom
1
GModI-B(M,N) such that δ̂(uM ) + uM ∗ uM = 0.
A homogeneous morphism f :M−−→N of degree d in TGModI-B is a homo-
geneous morphism f :M−−→N of degree d in GModI-B such that the equality
δ̂(f) + uN ∗ f − (−1)
df ∗ uM = 0 holds.
A homogeneous morphism f : M−−→N in TGModI0-B is called homotopi-
cally trivial iff there is a homogeneous morphism h : M−−→N in GModI-B of
degree −1 such that f = δ̂(h) + uN ∗ h+ h ∗ uM .
For the sake of notational simplicity, from now on, given f = (f0, f1) :
M−−→N and g = (g0, g1) : N−−→L in GModI-B, we write
g0f1 := [C
f1
−−→HomGMod-k(M,N)
g0∗−−→HomGMod-k(M,L)],
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g1f0 := [C
g1
−−→HomGMod-k(N,L)
f0∗−−→HomGMod-k(M,L)],
and g1 · f1 := (g ∗ f)1 − g0f1 − g1f0 : C−−→HomGMod-k(M,L). Thus, the
maps g0f1, g1f0 and g1 · f1 are morphisms of graded S-S-bimodules. Then, as
mentioned in (6.4), there is a formula to compute g1 · f1. Namely, given c ∈ C
with µ(c) =
∑
s c
1
s ⊗ c
2
s, with c
1
s, c
2
s ∈ C, we have
(g1 · f1)(c) =
∑
s
g1(c2s)f
1(c1s).
Therefore, (g ∗ f)0 = g0f0 and (g ∗ f)1 = g0f1 + g1f0 + g1 · f1.
Then, the equality δ̂(uM ) + uM ∗ uM = 0 is equivalent to
(A) :
{
0 = (u0M )
2
0 = δ̂(uM )
1 + u0Mu
1
M + u
1
Mu
0
M + u
1
M · u
1
M .
A homogeneous morphism f : M−−→N of degree 0 in TGModI-B is a mor-
phism f = (f0, f1) :M−−→N of degree 0 in GModI-B such that
(D) :
{
0 = u0Nf
0 − f0u0M
0 = δ̂(f)1 + u0Nf
1 + u1Nf
0 + u1N · f
1 − f0u1M − f
1u0M − f
1 · u1M .
In particular, f0 : (M,u0M )−−→(N, u
0
N ) is a morphism of complexes of right
S-modules.
For the proof of the following result, it is convenient to extend the preceding
notations as follows.
Remark 8.2. Let B = (C, µ, ǫ, δ) be a triangular differential graded S-bocs and
consider its triangular filtration 0 = C0 ⊆ C1 ⊆ · · · ⊆ Ci ⊆ Ci+1 ⊆ · · ·
For any M,N,L ∈ GMod-S, f1i ∈ HomGMod-S(M ⊗S Ci, N), and g
1
i ∈
HomGMod-S(N ⊗S Ci, L) we can consider the morphism of graded right S-
modules g1i ∗ f
1
i ∈ HomGMod-S(M ⊗S Ci+1, L) defined as the composition
M ⊗S Ci+1
idM⊗µ
−−−−−→M ⊗S Ci ⊗S Ci
f1i ⊗idCi−−−−−→N ⊗S Ci
g1i−−→L.
For each i ≥ 0, we have the canonical isomorphism
ηi : HomGMod-S(M ⊗S Ci, L)−−→HomGMod-S-S(Ci,HomGMod-k(M,L)).
We can define the product morphism: ηi(g
1
i ) · ηi(f
1
i ) := ηi+1(g
1
i ∗ f
1
i ).
Then, given any two morphisms f1i ∈ HomGMod-S-S(Ci,HomGMod-k(M,N))
and g1i ∈ HomGMod-S-S(Ci,HomGMod-k(N,L)), we have their product mor-
phism g1i · f
1
i ∈ HomGMod-S-S(Ci+1,HomGMod-k(M,L)) which is computed on
each element c ∈ Ci+1 as
(g1i · f
1
i )(c) =
∑
j
g1i (c
2
j )f
1
i (c
1
j), where µ(c) =
∑
j
c1j ⊗ c
2
j with c
1
j , c
2
j ∈ Ci.
43
Given g0 ∈ HomGMod-S(N,L) and f
1
i ∈ HomGMod-S-S(Ci,HomGMod-k(M,N)),
the morphism g0f1i ∈ HomGMod-S-S(Ci,Homk(M,L)) is defined by (g
0f1i )(c) =
g0f1i (c). Similarly, given morphisms g
1
i ∈ HomGMod-S-S(Ci,HomGMod-k(N,L))
and f0 ∈ HomGMod-S(M,N), g
1
i f
0 ∈ HomGMod-S-S(Ci,HomGMod-k(M,L)) is
defined by (g1i f
0)(c) = g1i (c)f
0.
The following formulas hold:
h1i · g
0f1i = h
1
i g
0 · f1i , h
0(f1i · g
1
i ) = h
0f1i · g
1
i , and (h
1
i · g
1
i )f
0 = h1i · g
1
i f
0.
If the morphism h1i+1 restricts to h
1
i and the morphism f
1
i+1 restricts to f
1
i , from
the coassociativity of the comultiplication µ, we have the associativity formula
h1i+1 · (g
1
i · f
1
i ) = (h
1
i · g
1
i ) · f
1
i+1.
Since the bocs B is triangular, we have δ(Ci+1) ⊆ Z(Ci+1). Then, for a
homogeneous element f̂1i ∈ HomGMod-S-S(Ci + Z(Ci+1),HomGMod-k(M,N)),
we can define the morphism d̂(f̂1i ) ∈ HomGMod-S-S(Ci+1,HomGMod-k(M,N))
by
d̂(f̂1i )(c)[m] = (−1)
|m|+|f̂1i |+1f̂1i (δ(c))[m],
for any c ∈ Ci+1 and any homogeneous element m ∈M .
Given a homogeneous ĝ1i ∈ HomGMod-S-S(Ci+Z(Ci+1),HomGMod-k(N,L)),
the following Leibniz formula for morphisms Ci+1−−→HomGMod-k(M,L) holds
d̂(g1i · f
1
i ) = d̂(ĝ
1
i ) · f
1
i + (−1)
|g1i |g1i · d̂(f̂
1
i ),
where f1i and g
1
i denote the restrictions of f̂
1
i and ĝ
1
i from their common domain
Ci + Z(Ci+1) to Ci; thus the morphism g
1
i · f
1
i is defined on Ci+1, hence it is
defined on Ci + Z(Ci+1); the morphisms d̂(ĝ
1
i ) and d̂(f̂
1
i ) are defined on Ci+1,
hence on Ci.
Theorem 8.3. Assume that S is a finite product of copies of the field k. Let
(M,u) ∈ TGMod-B. Then, the twisted B-module (M,u) is homotopically trivial
in TGModI0-B iff the complex of right S-modules (M,u0) is acyclic, that is
Hi(M,u0) = 0, for all i ∈ Z.
Proof. If (M,u) is homotopically trivial, then IM = (idM , 0) is homotopic to the
zero map in TGModI0-B. Then, there is a morphism h ∈ Hom−1GModI-B(M,M)
such that IM = δ̂(h) + u ∗h+h ∗ u. Looking at the first components, we obtain
idM = u
0h0 + h0u0. So, (M,u0) is a homotopically trivial complex of right
S-modules, which implies that Hi(M,u0) = 0, for all i ∈ Z.
Now, assume that (M,u0) is an acyclic complex of right S-modules. Then,
for instance from [4](0.3), we know that (M,u0) is homotopically trivial. So,
there is a homogeneous morphism h0 : M−−→M of right S-modules of degree
−1 such that the following equality holds
(∆0) : idM = u
0h0 + h0u0.
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We want to show that (M,u) is homotopically trivial, so we are looking for
a homogeneous morphism of S-S-bimodules h1 : C−−→HomGMod-k(M,M) of
degree −1 such that h = (h0, h1) satisfies δ̂(h) + u ∗ h + h ∗ u = IM . That is
such that the following equality holds
∆1 := δ̂(h)1 + u0h1 + u1h0 + u1 · h1 + h0u1 + h1u0 + h1 · u1 = 0.
Write EM := HomGMod-k(M,M) and make h
1
0 = 0 ∈ Hom
−1
GMod-S-S(C0, EM ).
We will construct, for each i ≥ 0, a morphism h1i+1 ∈ Hom
−1
GMod-S-S(Ci+1, EM )
such that
∆1i := d̂(h
1
i+1) + u
0h1i+1 + u
1
i+1h
0 + u1i · h
1
i + h
0u1i+1 + h
1
i+1u
0 + h1i · u
1
i = 0
and h1i+1 restricts to h
1
i , for all i. Here, u
1
i denotes the restriction of u
1 to Ci.
Once we evaluate u1i , we can skip the subindex: u
1
i (c) = u
1(c), for c ∈ Ci.
Once we have done this, we can define h1 ∈ Hom−1GMod-S-S(C,EM ), by
h1(c) = h1i (c), whenever c ∈ Ci. So ∆
1(c) = ∆1i (c) = 0, for c ∈ Ci+1. Hence
∆1 = 0 and we are done.
We require for this construction a special vector space basis Bi+1 of Ci+1
consisting of homogeneous elements. In order to describe this basis, we will
consider, for each i ≥ 0, decompositions of graded S-S-bimodules of the form
Ci+1 = Ci ⊕ Vi+1 ⊕Wi+1,
where Ci+Z(Ci+1) = Ci⊕Vi+1 and Vi+1 ⊆ Z(Ci+1). By assumption, we have
a decomposition 1 =
∑n
s=1 es of the unit element of the algebra S as a sum of
central primitive orthogonal idempotents. The special basis we are interested
in has the form Bi+1 =
⋃
s,t∈[1,n] Bi+1(s, t), where each subset Bi+1(s, t) is the
basis of etCi+1es defined recursively as follows. At the base i = 0, we have
B1(s, t) := B
v
1(s, t) ∪ B
w
1 (s, t), where B
v
1(s, t) and B
w
1 (s, t) are basis formed by
homogeneous elements of etV1es and etW1es, respectively. Once we have defined
a basis Bi of Ci, for i ≥ 1, we define
Bi+1(s, t) := Bi(s, t) ∪ B
v
i+1(s, t) ∪ B
w
i+1(s, t),
where Bvi+1(s, t) and B
w
i+1(s, t) are basis consisting of homogeneous elements of
etVi+1es and etWi+1es, respectively
Step 1: The construction of h11 : C1−−→EM .
In order to define the homogeneous morphism of S-S-bimodules h11 we want,
it will be enough to give, for each homogeneous basic element c ∈ B1(s, t), a
homogeneous element h11(c) ∈ HomGMod-k(Met,Mes) of degree |c|−1 satisfying
the equation ∆10(c) = 0.
Start with a basic element c ∈ Bv1(s, t), so c ∈ Z(C1). Consider the ho-
mogeneous morphism f0(c) : Met−−→Mes of degree |c| given by f0(c) :=
u11(c)h
0 + h0u11(c). Since idM = u
0h0 + h0u0, we have
u0f0(c)− f0(c)u
0 = u0u1(c)h0 + u0h0u1(c)− u1(c)h0u0 − h0u1(c)u0
= u0u1(c)h0 + u1(c)− h0u0u1(c)
−u1(c) + u1(c)u0h0 − h0u1(c)u0
= [u0u11(c) + u
1
1(c)u
0]h0 − h0[u0u11(c) + u
1
1(c)u
0].
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Since µ(c) = 0 and δ(c) = 0, from (8.1)(A), we get u0u1(c) + u1(c)u0 = 0.
Therefore,
u0f0(c) = f0(c)u
0.
In the following, given N ∈ GMod-k, we denote by σ[i] : N−−→N [i] the
homogeneous morphism of degree−i which acts as the identity on the underlying
non-graded spaces.
Consider the morphism τ := σ[|c|] : Mes−−→Mes[|c|]. Then, the homoge-
neous morphism τf0(c) :Met−−→Mes[|c|] of degree 0 satisfies
τf0(c)u
0 − τu0τ−1τf0(c) = τ(f0(c)u
0 − u0f0(c)) = 0.
Thus τf0(c) is a morphism of complexes (Met, u
0
|Met
)−−→(Mes[|c|], τ(u
0
|Mes
)τ−1).
The complex (Met, u
0
|Met
) is acyclic, so it is homotopically trivial. Then,
so is the morphism −τf0(c). Hence, there is a homogeneous morphism h
1
0(c) ∈
Hom−1GMod-k(Met,Mes[|c|]) such that
−τf0(c) = τu
0τ−1h10(c) + h
1
0(c)u
0.
Then, we have the homogeneous morphism ĥ10(c) := τ
−1h10(c) : Met−−→Mes,
with degree |c| − 1, such that −f0(c) = u
0ĥ10(c) + ĥ
1
0(c)u
0. Hence,
∆̂10(c) := u
1
1(c)h
0 + h0u11(c) + u
0ĥ10(c) + ĥ
1
0(c)u
0 = 0.
We have defined ĥ10(c) for any c ∈ B
v
1 such that the preceding equality holds.
Then, we can consider the homogeneous morphism
ĥ10 : Z(C1) = V1−−→HomGMod-k(M,M)
of degree −1 determined by the given values ĥ10(c) on the basic elements c ∈ B
v
1 .
Thus ĥ10 ∈ Hom
−1
GMod-S-S(Z(C1), EM ) extends h
1
0 : C0−−→EM and satisfies
∆̂10(c) = 0, for all c ∈ Z(C1).
Now, take an element c ∈ Bw1 (s, t), so µ(c) = 0 and δ(c) ∈ Z(C1). Consider
the homogeneous morphism g0(c) :Met−−→Mes of degree |c| given by
g0(c) := d̂(ĥ
1
0)(c) + u
1
1(c)h
0 + h0u11(c).
Write λ(c) := u11(c)h
0+h0u11(c) and γ(c) := d̂(ĥ
1
0)(c). Since idM = u
0h0+h0u0,
we have
u0λ(c) − λ(c)u0 = u0u1(c)h0 + u0h0u1(c)− u1(c)h0u0 − h0u1(c)u0
= u0u1(c)h0 + u1(c)− h0u0u1(c)
− u1(c) + u1(c)u0h0 − h0u1(c)u0
= [u0u11(c) + u
1
1(c)u
0]h0 − h0[u0u11(c) + u
1
1(c)u
0].
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Since δ(c) ∈ Z(C1), we have ∆̂
1
0(δ(c)) = 0. Then, for any homogeneous
element m ∈Met, we have
[u0γ(c)− γ(c)u0](m) = [u0d̂(ĥ10)(c)− d̂(ĥ
1
0)(c)u
0](m)
= (u0d̂(ĥ10)(c))[m] − (d̂(ĥ
1
0)(c))(u
0[m])
= (−1)|m|u0ĥ10(δ(c))[m] − (−1)
|m|+1ĥ10(δ(c))(u
0[m])
= (−1)|m|[u0ĥ10(δ(c)) + ĥ
1
0(δ(c))u
0](m)
= (−1)|m|+1[u1(δ(c))h0 + h0u1(δ(c))](m)
= [d̂(u11)(c)h
0 − h0d̂(u11)(c)](m).
Thus, u0γ(c)− γ(c)u0 = [d̂(u11)h
0 − h0d̂(u11)](c). Then, from (8.1)(A), we have
u0g0(c)− g0(c)u
0 = u0λ(c) − λ(c)u0 + u0γ(c)− γ(c)u0
= [d̂(u11)(c) + u
0u11(c) + u
1
1(c)u
0]h0
− h0[d̂(u
1
1)(c) + u
0u11(c) + u
1
1(c)u
0] = 0.
Thus τg0(c) is a morphism of complexes (Met, u
0
|Met
)−−→(Mes[|c|]), τ(u
0
|Mes
)τ−1).
Proceeding as before, we get a homogeneous morphism h˜10(c) : Met−−→Mes
with degree |c| − 1 such that
g0(c) = −u
0h˜10(c)− h˜
1
0(c)u
0.
Then, we have the equality
∆˜10(c) := d̂(ĥ
1
0)(c) + u
1
1(c)h
0 + h0u11(c) + u
0h˜10(c) + h˜
1
0(c)u
0 = 0.
We have the homogeneous morphism h˜10 : W1−−→HomGMod-k(M,M) of degree
−1 determined by the given values h˜10(c) on the basic elements c ∈ B
w
1 . Then, the
morphisms ĥ10 and h˜
1
0 determine a homogeneous morphism h
1
1 : C1 = Z(C1)⊕
W1−−→EM of degree −1 such that the equation ∆
1
0(c) = 0 is satisfied for all
c ∈ C1, because either ∆̂
1
0(c) = 0 or ∆˜
1
0(c) hold on basic elements c ∈ B1.
Clearly, h11 extends h
1
0.
Step 2: The construction of h1i+1 : Ci+1−−→EM , from h
1
i : Ci−−→EM .
Assume we have already defined the homogeneous morphism h1i : Ci−−→EM
of degree −1 such that ∆1i−1(c) = 0 holds for all c ∈ Ci.
Given a basic element c ∈ Bvi+1(s, t), we consider the homogeneous morphism
fi(c) :Met−−→Mes of degree |c| given by
fi(c) := u
1
i+1(c)h
0 + h0u1i+1(c) + (u
1
i · h
1
i )(c) + (h
1
i · u
1
i )(c).
Write λ(c) := u1i+1(c)h
0+ h0u1i+1(c) and ρ(c) = (u
1
i ·h
1
i )(c)+ (h
1
i ·u
1
i )(c). Then,
from (8.1)(A), we have
u0λ(c)− λ(c)u0 = u0u1(c)h0 + u0h0u1(c)− u1(c)h0u0 − h0u1(c)u0
= u0u1(c)h0 − h0u0u1(c) + u1(c) + u1(c)u0h0 − u1(c)− h0u1(c)u0
= [u0u1(c) + u1(c)u0]h0 − h0[u0u1(c) + u1(c)u0]
= −(d̂(u1i+1)h
0)(c)− (u1i · u
1
i )(c)h
0 + (h0d̂(u1i+1))(c) + h
0(u1i · u
1
i )(c)
= (h0d̂(u1i+1))(c) + (h
0u1i · u
1
i )(c)− (d̂(u
1
i+1)h
0)(c) − (u1i · u
1
ih
0)(c)
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and, since c ∈ Z(Ci+1), we obtain
u0λ(c)− λ(c)u0 = (h0u1i · u
1
i )(c)− (u
1
i · u
1
ih
0)(c).
Moreover, we have
u0ρ(c)− ρ(c)u0 = u0(u1i · h
1
i )(c) + u
0(h1i · u
1
i )(c)− (u
1
i · h
1
i )(c)u
0 − (h1i · u
1
i )(c)u
0.
= (u0u1i · h
1
i )(c) + (u
0h1i · u
1
i )(c)− (u
1
i · h
1
i u
0)(c) − (h1i · u
1
iu
0)(c).
Now, we have ∆1i−1 = 0. That is the following equality of morphisms from Ci
to EM holds
d̂(h1i ) + u
0h1i + u
1
ih
0 + u1i−1 · h
1
i−1 + h
0u1i + h
1
i u
0 + h1i−1 · u
1
i−1 = 0.
Mutiplying the equation ∆1i−1 = 0 on the right by u
1
i , we have the following
equality of morphisms from Ci+1 to EM
u0h1i ·u
1
i = −d̂(h
1
i )·u
1
i−u
1
ih
0·u1i−[u
1
i−1·h
1
i−1]·u
1
i−h
0u1i ·u
1
i−h
1
iu
0·u1i−[h
1
i−1·u
1
i−1]·u
1
i .
Evaluating at our fixed element c, we obtain
(u0h1i · u
1
i )(c) = −(d̂(h
1
i ) · u
1
i )(c) − (u
1
ih
0 · u1i )(c) − ([u
1
i−1 · h
1
i−1] · u
1
i )(c)
− (h0u1i · u
1
i )(c)− (h
1
i u
0 · u1i )(c) − ([h
1
i−1 · u
1
i−1] · u
1
i )(c).
Similarly, multiplying the equation ∆1i−1 = 0 on the left by u
1
i , we have
−u1i ·h
1
iu
0 = u1i ·d̂(h
1
i )+u
1
i ·u
0h1i+u
1
i ·u
1
ih
0+u1i ·[u
1
i−1·h
1
i−1]+u
1
i ·h
0u1i+u
1
i ·[h
1
i−1·u
1
i−1].
Evaluating at the element c, we get
−(u1i · h
1
iu
0)(c) = (u1i · d̂(h
1
i ))(c) + (u
1
i · u
0h1i )(c) + (u
1
i · u
1
ih
0)(c)
+ (u1i · [u
1
i−1 · h
1
i−1])(c) + (u
1
i · h
0u1i )(c) + (u
1
i · [h
1
i−1 · u
1
i−1])(c).
Then, since u1ih
0 · u1i = u
1
i · h
0u1i , we have
u0ρ(c)− ρ(c)u0 = (u0u1i · h
1
i )(c) − (h
1
i · u
1
iu
0)(c)
− (d̂(h1i ) · u
1
i )(c)− ([u
1
i−1 · h
1
i−1] · u
1
i )(c)
− (h0u1i · u
1
i )(c)− (h
1
iu
0 · u1i )(c)− ([h
1
i−1 · u
1
i−1] · u
1
i )(c)
+ (u1i · d̂(h
1
i ))(c) + (u
1
i · u
0h1i )(c) + (u
1
i · u
1
ih
0)(c)
+ (u1i · [u
1
i−1 · h
1
i−1])(c) + (u
1
i · [h
1
i−1 · u
1
i−1])(c).
Moreover, from the associativity of (8.2), we have
u0ρ(c)− ρ(c)u0 = −(d̂(h1i ) · u
1
i )(c)− (h
1
i · [u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1])(c)
+ (u1i · d̂(h
1
i ))(c) + ([u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1] · h
1
i )(c)
+ (u1i · u
1
ih
0)(c)− (h0u1i · u
1
i )(c).
Since h1i , u
1
i are defined on Ci, they are defined on Ci−1 + Z(Ci), then the
morphisms d̂(h1i ) and d̂(u
1
i ) are defined on Ci. Moreover, the morphisms h
1
i and
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u1i are defined on Ci, hence their product h
1
i · u
1
i is defined on Ci+1, hence it is
defined on Ci + Z(Ci+1). Therefore, by the Leibniz formula of (8.2), we have
0 = d̂(h1i · u
1
i )(c) = [d̂(h
1
i ) · u
1
i − h
1
i · d̂(u
1
i )](c),
where the left equality is due to the fact that c ∈ Bvi+1(s, t) ⊆ Vi+1 ⊆ Z(Ci+1).
Thus, (d̂(h1i ) · u
1
i )(c) = (h
1
i · d̂(u
1
i ))(c) and, similarly, we have (d̂(u
1
i ) · h
1
i )(c) =
(u1i · d̂(h
1
i ))(c). Then, we have
u0ρ(c)− ρ(c)u0 = −(h1i · [d̂(u
1
i ) + u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1])(c)
+ ([d̂(u1i ) + u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1] · h
1
i )(c)
+ (u1i · u
1
ih
0)(c)− (h0u1i · u
1
i )(c).
From (8.1)(A), we know that d̂(u1i )+u
0u1i+u
1
iu
0+u1i−1·u
1
i−1 = 0 on Ci. It fol-
lows that u0fi(c)−fi(c)u
0 = u0λ(c)−λ(c)u0+u0ρ(c)−ρ(c)u0 = 0. As before, we
have a morphism of complexes −τfi(c) : (Met, u
0
|Met
)−−→(Mes[|c|], τu
0
|Mes
τ−1)
which is homotopically trivial. As a consequence, there is a homogeneous mor-
phism h1i (c) ∈ Hom
−1
GMod-k(Met,Mes[|c|]) such that
−τfi(c) = τu
0τ−1h1i (c) + h
1
i (c)u
0.
The morphism ĥ1i (c) := τ
−1h1i (c) :Met−−→Mes is homogeneous of degree |c|−1
such that −fi(c) = u
0ĥ1i (c) + ĥ
1
i (c)u
0. Hence,
∆̂1i (c) := u
1
i+1(c)h
0+h0u1i+1(c)+u
0ĥ1i (c)+ĥ
1
i (c)u
0+(u1i ·h
1
i )(c)+(h
1
i ·u
1
i )(c) = 0.
We have defined ĥ1i (c) for any c ∈ B
v
i+1 such that the preceding equality
holds. Then, we can consider the homogeneous morphism
ĥ1i : Ci ⊕ Vi+1−−→HomGMod-k(M,M)
of degree−1 determined by the given values ĥ1i (c) on the basic elements c ∈ B
v
i+1
and by ĥ1i (c) := h
1
i (c) on the basic elements c ∈ Bi. Therefore, the morphism
ĥ1i ∈ Hom
−1
GMod-S-S(Ci + Z(Ci+1), EM ) extends h
1
i : Ci−−→EM and satisfies
∆̂1i (c) = 0, for all c ∈ Z(Ci+1).
Now, take an element c ∈ Bwi+1(s, t). Consider the homogeneous morphism
gi(c) :Met−−→Mes of degree |c| given by
gi(c) := d̂(ĥ
1
i )(c) + u
1
i+1(c)h
0 + h0u1i+1(c) + (u
1
i · h
1
i )(c) + (h
1
i · u
1
i )(c).
Write λ(c) := u1i+1(c)h
0 + h0u1i+1(c), ρ(c) = (u
1
i · h
1
i )(c) + (h
1
i · u
1
i )(c) and
γ(c) = d̂(ĥ1i )(c) . Then, the same calculations used at the beginining of the
preceding case show that the following two equalities hold
u0λ(c)− λ(c)u0 = (h0d̂(u1i+1))(c) + (h
0u1i · u
1
i )(c)− (d̂(u
1
i+1)h
0)(c) − (u1i · u
1
ih
0)(c)
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and
u0ρ(c)− ρ(c)u0 = −(d̂(h1i ) · u
1
i )(c)− (h
1
i · [u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1])(c)
+ (u1i · d̂(h
1
i ))(c) + ([u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1] · h
1
i )(c)
+ (u1i · u
1
ih
0)(c)− (h0u1i · u
1
i )(c).
Applying again Leibniz formula of (8.2), we have
(d̂(h1i ) · u
1
i )(c) = (h
1
i · d̂(u
1
i ))(c) + d̂(h
1
i · u
1
i )(c)
and
(u1i · d̂(h
1
i ))(c) = (d̂(u
1
i ) · h
1
i )(c)− d̂(u
1
i · h
1
i )(c).
Thus,
u0ρ(c)− ρ(c)u0 = −(h1i · [d̂(u
1
i ) + u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1])(c)
+ ([d̂(u1i ) + u
0u1i + u
1
iu
0 + u1i−1 · u
1
i−1] · h
1
i )(c)
+ (u1i · u
1
ih
0)(c)− (h0u1i · u
1
i )(c)
− d̂[h1i · u
1
i + u
1
i · h
1
i ](c).
From (8.1)(A), we obtain
u0ρ(c)− ρ(c)u0 = (u1i · u
1
ih
0)(c)− (h0u1i · u
1
i )(c)− d̂[h
1
i · u
1
i + u
1
i · h
1
i ](c).
Since u0γ(c)− γ(c)u0 = u0d̂(ĥ1i )(c) − d̂(ĥ
1
i )(c)u
0, we have
u0gi(c)− gi(c)u
0 = u0λ(c)− λ(c)u0 + u0ρ(c)− ρ(c)u0 + u0γ(c)− γ(c)u0
= [u0d̂(ĥ1i )− d̂(ĥ
1
i )u
0](c)− d̂[h1i · u
1
i + u
1
i · h
1
i ](c)
+ h0d̂(u1i+1)(c)− d̂(u
1
i+1)h
0(c).
Moreover, δ(c) ∈ Z(Ci+1), so ∆̂
1
i (δ(c)) = 0. Hence,
d̂[u1i · h
1
i + h
1
i · u
1
i ](c)[m] = (−1)
|m|+1[u1i · h
1
i + h
1
i · u
1
i ](δ(c))[m]
= (−1)|m|[u1i+1h
0 + h0u1i+1 + u
0ĥ1i + ĥ
1
iu
0](δ(c))[m]
= (−1)|m|(u1i+1h
0)(δ(c))[m] + (−1)|m|(h0u1i+1)(δ(c))[m]
+ (−1)|m|(u0ĥ1i )(δ(c))[m] + (−1)
|m|(ĥ1iu
0)(δ(c))[m]
= [−d̂(u1i+1h
0)− d̂(h0u1i+1)− d̂(u
0ĥ1i )− d̂(ĥ
1
i u
0)](c)[m].
Thus,
d̂[u1i · h
1
i + h
1
i · u
1
i ](c) = [−d̂(u
1
i+1)h
0 + h0d̂(u1i+1) + u
0d̂(ĥ1i )− d̂(ĥ
1
i )u
0](c).
Therefore, u0gi(c) − gi(c)u
0 = 0 and τgi(c) is a morphism of complexes
(Met, u
0
|Met
)−−→(Mes[|c|]), τ(u
0
|Mes
)τ−1). Proceeding as before, we get a ho-
mogeneous morphism h˜1i (c) :Met−−→Mes with degree |c| − 1 such that
gi(c) = −u
0h˜1i (c)− h˜
1
i (c)u
0.
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Then, we have the equality
∆˜1i (c) := d̂(ĥ
1
i )(c)+u
1
i+1(c)h
0+h0u1i+1(c)+(u
1
i ·h
1
i )(c)+(h
1
i ·u
1
i )(c)+u
0h˜1i (c)+h˜
1
i (c)u
0 = 0.
Consider the homogeneous morphism h˜1i : Wi+1−−→HomGMod-k(M,M) of de-
gree −1 determined by the given values h˜1i (c) on the basic elements c ∈ B
w
i+1.
Then, the morphisms h1i , ĥ
1
i and h˜
1
i determine a homogeneous morphism
h1i+1 : Ci+1 = Ci ⊕ Vi+1 ⊕Wi+1−−→EM
of degree −1 such that the equation ∆1i (c) = 0 is satisfied for all c ∈ Ci+1,
because either ∆1i−1(c) = 0, ∆̂
1
i (c) = 0 or ∆˜
1
i (c) = 0 hold on basic elements
c ∈ Bi+1. Clearly, h
1
i+1 extends h
1
i .
Theorem 8.4. Assume that S is a finite product of copies of the field k. Let B be
a triangular differential graded S-bocs and f = (f0, f1) : (M,uM )−−→(N, uN ) a
morphism in TGMod0-B. Then f is a homotopy equivalence iff the morphism of
complexes of right S-modules f0 : (M,u0M )−−→(N, u
0
N) is a quasi-isomorphism.
Proof. Consider the homotopy category TGMod0-B with its triangulated struc-
ture as in (7.16). Then, there is a triangle of the form
(M,uM )
f
−−→(N, uN )
g
−−→(L, uL)−−→(M,uM )[1]
of TGMod0-B. By definition of this triangular structure, the preceding triangle
is isomorphic to a triangle of the form
(K,uK)
φ
−−→(E, uE)
γ
−−→(Q, uQ)−−→(K,uK)[1],
where
ξ : (K,uK)
φ
−−→(E, uE)
γ
−−→(Q, uQ)
is an exact pair in the exact structure E of TGMod0-B. Consider an isomorphism
of triangles
(M,uM )
f
−−→ (N, uN )
g
−−→ (L, uL) −−→ (M,uM )[1]
s
y t
y r
y s[1]
y
(K,uK)
φ
−−→ (E, uE)
γ
−−→ (Q, uQ) −−→ (K,uK)[1].
Then, the morphisms s = (s0, s1) : (M,uM )−−→(K,uK) and t = (t
0, t1) :
(N, uN )−−→(E, uE) are homotopy equivalences such that φs is homotopic to
tf . Therefore, the morphisms of complexes φ0s0 and t0f0 from (M,u0M ) to
(E, u0E) are homotopic. As a consequence
Hi(φ0)Hi(s0) = Hi(t0)Hi(f0), for all i ∈ Z.
Since Hi(s0) and Hi(t0) are isomorphisms for all i ∈ Z, then Hi(f0) is an
isomorphism if and only if Hi(φ0) is an isomorphism. Thus f0 is a quasi-
isomorphism iff φ0 is a quasi-isomorphism. Clearly, f is a homotopy equivalence
iff φ is so.
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Since the exact pair ξ belongs to E , we have the exact sequence of graded
right S-modules
0−−→K
φ0
−−→E
γ0
−−→Q−−→0.
Then, we have the exact sequence of complexes of right S-modules
0−−→(K,u0K)
φ0
−−→(E, u0E)
γ0
−−→(Q, u0Q)−−→0.
In the homology long exact sequence associated to the preceding exact se-
quence of complexes, we see that Hi(φ0) is an isomorphism for all i ∈ Z iff
Hi(Q, u0Q) = 0 for all i ∈ Z. So φ
0 is a quasi-isomorphism iff (Q, u0Q) is
acyclic. Then, by (8.3), we obtain that φ0 is a quasi-isomorphism iff (Q, uQ)
is homotopically trivial in TGMod0-B, which is equivalent to the fact that
φ : (K,uK)−−→(E, uE) is an isomorphism in TGMod
0-B.
9 The Frobenius category of A∞-modules
Given a fixed A∞-algebraA, denote by BA the differential tensor S-coalgebra (or
differential tensor S-bocs) BA = (TS(A[1]), µ, ǫ, δ) given by the bar construction.
In order to describe precisely the connection of the category Mod∞-A of right
A∞-modules over A with the category TGMod-BA of twisted BA-modules, it is
convenient to introduce the following categories.
Definition 9.1. We will denote with GMod-A the following k-category. Its
class of objects coincides with the class of objects of GMod-S. Given two graded
right S-modules M and N , and d ∈ Z, a homogeneous morphism f : M−−→N
of degree d in GMod-A is a collection of morphisms f = {fn}n∈N, where each
fn :M ⊗S A
⊗(n−1)−−→N
is a homogeneous morphism of graded right S-modules of degree |fn| = d+1−n.
We denote by HomdGMod-A(M,N) the space of homogeneous morphisms from
M to N in GMod-A, and we make
HomGMod-A(M,N) =
⊕
d∈Z
HomdGMod-A(M,N).
If f ∈ HomGMod-A(M,N) and g ∈ HomGMod-A(N,L) are homogeneous
morphisms, their composition
g ◦ f = {(g ◦ f)n}n∈N :M−−→L
is defined, for each n ∈ N, by
(g ◦ f)n =
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(|f |+r+1)sg1+s(fr ⊗ id
⊗s).
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Given M ∈ GMod-A, the identity morphism IIM = {hn} :M−−→M is given by
h1 = idM and hn = 0, for all n ≥ 2.
The category GMod-A is a graded category with differential δ∞ defined for
any homogeneous f ∈ HomGMod-A(M,N) by
δ∞(f)n =
∑
r + s+ t = n
t ≥ 0; r, s ≥ 1
(−1)|f |+r+st+1fn−s+1(id
⊗r ⊗ms ⊗ id
⊗t),
for n ≥ 1, thus δ∞(f)1 = 0.
A morphism f = {fn}n∈N : M−−→N in GMod-A is called strict iff fn = 0,
for all n ≥ 2.
The fact that the preceding notions give rise indeed to a differential graded
category is a consequence of the following.
Proposition 9.2. Let BA = (TS(A[1]), µ, ǫ, δ) denote the differential tensor S-
bocs associated to the A∞-algebra A. Then there is an equivalence of differential
graded k-categories
G : GMod-A−−→GMod-BA.
Given M ∈ GMod-A, by definition G(M) =M [1], so it acts as the usual trans-
lation on objects. Given two graded right S-modules M , N and a homogeneous
morphism f = {fn}n∈N :M−−→N in GMod-A with degree |f | = d, we have the
family of morphisms of right S-modules
{fˆn :M [1]⊗S A[1]
⊗n−−→N [1]}n≥0
determined by the commutativity of the following diagrams
M ⊗S A
⊗n σM⊗σ
⊗n
−−−−−−→ M [1]⊗S A[1]
⊗n
fn+1
y fˆn
y
N
σN−−−−−→ N [1]
and
M
ζσM
−−−−→ M [1]⊗S Syf1
yfˆ0
N
σN−−−−−→ N [1],
where n runs in N and ζ : M [1]−−→M [1] ⊗S S is the canonical isomorphism.
Each morphism fˆn is homogeneous with degree |fˆn| = d. The family of maps
{fˆn}n≥0 extends to a homogeneous morphism of right S-modules of degree d
fˆ :M [1]⊗ TS(A[1])−−→N [1].
By definition, we have G(f) = fˆ ∈ HomdGMod-BA(M [1], N [1]).
Proof. Step 1: We have indeed a graded k-category GMod-A and G is an equiv-
alence of graded k-categories.
Given composable morphisms f :M−−→N and g : N−−→L in GMod-A, we
know that the composition G(g) ∗ G(f) = gˆ ∗ fˆ : M [1]−−→L[1] in GMod-BA is
given by the composition of maps
gˆ ∗ fˆ = (M [1]⊗S C
idM[1]⊗µ
−−−−−−−→M [1]⊗S C ⊗S C
fˆ⊗idC
−−−−−→N [1]⊗S C
gˆ
−−→L[1]) ,
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where C = TS(A[1]). Consider the restrictions (gˆ ∗ fˆ)n :M [1]⊗A[1]
⊗n−−→L[1],
for n ≥ 0, and let us verify that the following diagrams commute
M ⊗S A
⊗n σM⊗σ
⊗n
−−−−−−→ M [1]⊗S A[1]
⊗n
(g◦f)n+1
y (gˆ∗fˆ)n
y
L
σL−−−−→ L[1]
and
M
ζσM
−−−→ M [1]⊗S Sy(g◦f)1
y(gˆ∗fˆ)0
L
σL−−−−→ L[1],
where n runs in N. For this, it is convenient to write the restriction µn :
A[1]⊗n−−→C ⊗ C of the bar comultiplication µ on TS(A[1]) as follows
µn =
∑
r + s = n
r, s ≥ 1;
id⊗r ⊗ id⊗s + 1⊗ id⊗n + id⊗n ⊗ 1.
Then, for n ≥ 1, we have
(gˆ ∗ fˆ)n =
∑
r + s = n
r, s ≥ 1;
gˆs(fˆr(idM [1] ⊗ id
⊗r)⊗ id⊗s)
+ gˆn(fˆ0(idM [1] ⊗ 1)⊗ id
⊗n) + gˆ0(fˆn(idM [1] ⊗ id
⊗n)⊗ 1).
=
∑
r + s = n
r, s ≥ 1;
gˆs(fˆr ⊗ id
⊗s) + gˆn(fˆ0ζ ⊗ id
⊗n) + gˆ0(ζfˆn).
Write (gˆ ∗ fˆ)n = X
(1)
n + X
(2)
n + X
(3)
n with X
(1)
n :=
∑
r + s = n
r, s ≥ 1;
gˆs(fˆr ⊗ id
⊗s),
X
(2)
n = gˆ0(ζfˆn) and X
(3)
n = gˆn(fˆ0ζ ⊗ id
⊗n). We want to show that, for n ≥ 1,
we have
(gˆ ∗ fˆ)n(σM ⊗ σ
⊗n) = σL(g ◦ f)n+1.
By definition of g ◦ f , for n ≥ 1, we have (g ◦ f)n = Y
(1)
n + Y
(2)
n + Y
(3)
n , where
Y (1)n =
∑
r + s = n
r ≥ 2; s ≥ 1
(−1)(|f |+r+1)sg1+s(fr ⊗ id
⊗s),
Y
(2)
n = g1(fn), Y
(3)
1 = 0 and, for n ≥ 2, Y
(3)
n = (−1)|f |(n−1)gn(f1 ⊗ id
⊗(n−1)).
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We have
X
(1)
n (σM ⊗ σ
⊗n) =
∑
r + s = n
r, s ≥ 1
gˆs(fˆr ⊗ id
⊗s)(σM ⊗ σ
⊗n)
=
∑
r + s = n
r, s ≥ 1
gˆs(fˆr ⊗ id
⊗s)(σM ⊗ σ
⊗r ⊗ σ⊗s)
=
∑
r + s = n
r, s ≥ 1
gˆs(fˆr(σM ⊗ σ
⊗r)⊗ σ⊗s)
=
∑
r + s = n
r, s ≥ 1
gˆs(σNfr+1 ⊗ σ
⊗s)
=
∑
r + s = n
r, s ≥ 1
(−1)(|f |−r)sgˆs(σN ⊗ σ
⊗s)(fr+1 ⊗ id
⊗s)
=
∑
r + s = n
r, s ≥ 1
(−1)(|f |−r)sσLg1+s(fr+1 ⊗ id
⊗s)
=
∑
r′ + s = n+ 1
r′ ≥ 2; s ≥ 1
(−1)(|f |+r
′−1)sσLg1+s(fr′ ⊗ id
⊗s)
= σLY
(1)
n+1.
We also have
X
(2)
n (σM ⊗ σ
⊗n) = gˆ0ζfˆn(σM ⊗ σ
⊗n)
= gˆ0ζσNfn+1 = σLg1(fn+1) = σLY
(2)
n+1
and
X
(3)
n (σM ⊗ σ
⊗n) = gˆn(fˆ0ζ ⊗ id
⊗n)(σM ⊗ σ
⊗n)
= gˆn(fˆ0ζσM ⊗ σ
⊗n)
= gˆn(σNf1 ⊗ σ
⊗n)
= (−1)|f |ngˆn(σN ⊗ σ
⊗n)(f1 ⊗ id
⊗n)
= (−1)|f |nσLgn+1(f1 ⊗ id
⊗n) = σLY
(3)
n+1.
Moreover, we have
(gˆ ∗ fˆ)0ζσM = (gˆ ∗ fˆ)0(σM ⊗ 1) = gˆ(fˆ ⊗ idC)(idM [1] ⊗ µ)(σM ⊗ 1)
= gˆ(fˆ ⊗ idC)(σM ⊗ 1⊗ 1) = gˆ(fˆ(σM ⊗ 1)⊗ 1)
= gˆ0ζfˆ0ζσM = gˆ0ζσNf1
= σLg1f1 = σL(g ◦ f)1.
From the preceding calculations, we obtain that G(g ◦ f) = G(g) ∗ G(f).
Take any M ∈ GMod-A and consider the morphism h = {hn}n∈N : M−−→M
in GMod-A given by h1 = idM and hn = 0, for n ≥ 2. Let us show that
G(h) = IM [1], the identity morphism on the object G(M) ∈ GMod-BA.
Clearly, we have hˆ0 = σMh1(ζσM )
−1 = σMσ
−1
M ζ
−1 = ζ−1 and, for n ≥ 1, we
have that hˆn = σMhn+1(σM ⊗ σ
⊗n)−1 = 0. This means that the components
(hˆ0, hˆ1) of the morphism G(h) = hˆ are (idM [1], 0), so G(h) = IM [1].
It is clear that the association f 7−→ fˆ is an isomorphism of graded vec-
tor spaces HomGMod-A(M,N)−−→HomGMod-BA(M [1], N [1]). It follows that
GMod-A is a graded k-category and that G : GMod-A−−→GMod-BA is an
equivalence of categories.
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Step 2: We have indeed a differential δ∞ on the graded category GMod-A
and G is an equivalence of differential graded k-categories.
It will be enough to show that for any homogeneous morphism f : M−−→N
in GMod-A, we have
G(δ∞(f)) = δ̂(G(f)).
Consider the restrictions δ̂(fˆ)n : M [1]⊗ A[1]
⊗n−−→N [1], for n ≥ 0. Let us
verify that the following diagrams commute
M ⊗S A
⊗n σM⊗σ
⊗n
−−−−−−→ M [1]⊗S A[1]
⊗n
δ∞(f)n+1
y δ̂(fˆ)n
y
N
σN−−−−→ N [1]
and
M
ζσM
−−−→ M [1]⊗S Syδ∞(f)1
yδ̂(fˆ)0
N
σN−−−−→ N [1],
where n runs in N.
By definition, the differential δ̂ of the category GMod-BA applied to the
morphism G(f) = fˆ is
δ̂(fˆ) = (−1)|fˆ |+1fˆ(idM [1] ⊗ δ).
Recall that the differential δ on the tensor S-coalgebra TS(A[1]) satisfies that
δ(S) = 0 and is determined by the morphisms of right S-modules
δn : A[1]
⊗n−−→
⊕
1≤s≤n
A[1]⊗(n−s+1)
given, for n ≥ 1, by the following formula δn =
∑
r + s + t = n
r, t ≥ 0; s ≥ 1
id⊗r ⊗ mˆs ⊗ id
⊗t,
where mˆs is defined, for s ≥ 1, by the following commutative square
A⊗s
σ⊗s
−−−−→ A[1]⊗syms
ymˆs
A
σ
−−−→ A[1].
Here, if r = 0 (or t = 0) then id⊗r (resp. id⊗t) is omitted.
Then, for n ≥ 1, making ∆n := δ̂(fˆ)n(σM ⊗ σ
⊗n) we have
∆n =
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)|fˆ|+1fˆ(idM [1] ⊗ id
⊗r ⊗ mˆs ⊗ id
⊗t)(σM ⊗ σ
⊗n)
=
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)|f |+rfˆn−s+1(σM ⊗ σ
⊗r ⊗ mˆsσ
⊗s ⊗ σ⊗t)
=
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)|f |+rfˆn−s+1(σM ⊗ σ
⊗r ⊗ σms ⊗ σ
⊗t)
=
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)|f |+r+stfˆn−s+1(σM ⊗ σ
⊗n)(idM ⊗ id
⊗r ⊗ms ⊗ id
⊗t)
=
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)|f |+r+stσNfn−s+2(idM ⊗ id
⊗r ⊗ms ⊗ id
⊗t)
=
∑
r + s + t = n+ 1
t ≥ 0; r, s ≥ 1
(−1)|f |+r+st+1σNf(n+1)−s+1(id
⊗r ⊗ms ⊗ id
⊗t)
= σNδ∞(f)n+1.
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Finally, we have
δ̂(fˆ)0ζσM = δ̂(fˆ)0(σM ⊗ 1)
= (−1)|fˆ|+1fˆ(idM [1] ⊗ δ)(σM ⊗ 1)
= 0 = σNδ∞(f)1.
This finishes the proof.
Definition 9.3. Given an A∞-algebra A = (A, {mn}), we will denote by
TGMod-A the following graded k-category. Its objects (M,mM ) are graded
right S-modules M equipped with a morphism mM : M−−→M in GMod-A
with degree |mM | = 1 such that the following Maurer Cartan equation holds
δ∞(m
M ) +mM ◦mM = 0.
A homogeneous morphism f : (M,mM )−−→(N,mN ) in TGMod-A with degree
|f | = d is a homogeneous morphism f :M−−→N is GMod-A with degree d such
that the following equation holds
δ∞(f) +m
N ◦ f − (−1)|f |f ◦mM = 0.
The composition in TGMod-A is the same composition of GMod-A.
Again, the fact that the preceding notions give rise indeed to a graded k-
category follows from the following statement, which is quite clear.
Proposition 9.4. Let BA denote the differential tensor S-bocs associated to the
A∞-algebra A, then there is an equivalence of graded k-categories
G : TGMod-A−−→TGMod-BA.
Given (M,mM ) ∈ GMod-A, by definition G(M,mM ) = (M [1],G(mM )).
Given a homogeneous morphism f : (M,mM )−−→(N,mN ) in TGMod-A
with degree d, we look at the underlying morphism f : M−−→N in GMod-A
and apply G to obtain a morphism G(f) : G(M)−−→G(N) in GMod-BA, such
that G(f) : G(M,mM )−−→G(N,mN ) is a morphism in TGMod-BA.
Proposition 9.5. Let BA denote the differential tensor S-bocs associated to an
A∞-algebra A. Then, we have:
1. The preceding requirements for a pair (M,mM ) ∈ TGMod-A mean that
(M,mM ) is a right A∞-module over A in the usual sense of (1.3).
2. The preceding requirements for a family of morphisms f = {fn}n∈N to
be a homogeneous morphism of degree d from (M,mM ) to (N,mN ) in
TGMod-A translate into the following. They mean that f is a family
f = {fn}n∈N, where each
fn : M ⊗S A
⊗(n−1)−−→N
57
is a homogeneous morphism of graded right S-modules of degree |fn| =
d + 1 − n such that, for each n ∈ N, the equality Σf+n + Σ
f0
n + Σ
f−
n = 0
holds, where
Σf+n =
∑
r + s + t = n
t ≥ 0; r, s ≥ 1
(−1)|f |+r+stfr+1+t(id
⊗r ⊗ms ⊗ id
⊗t),
Σf0n =
∑
s+ t = n
t ≥ 0; s ≥ 1
(−1)|f |+stf1+t(m
M
s ⊗ id
⊗t),
and
Σf−n =
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(|f |+r+1)s+1mN1+s(fr ⊗ id
⊗s).
The condition in case n = 1 is equivalent to mN1 f1 = f1m
M
1 , that is, to
the requirement that the map f1 :M−−→N is a morphism of complexes of
right S-modules.
Then, if we restrict to the case where f has degree |f | = 0, we have that
f : (M,mM )−−→(N,mN ) is a morphism of right A∞-modules in the usual
sense of (1.3).
Therefore, the usual categoryMod∞-A of right A∞-modules over the A∞-algebra
A is the subcategory TGMod0-A of TGMod-A with the same objects and the
homogeneous morphisms of degree 0 between them. Then, we can restrict the
functor G to an equivalence functor G : Mod∞-A−−→TGMod
0-BA.
Proof. Item (1) follows from the observation that, for n ≥ 1, we have
δ∞(m
M )n = Σ
+
n and (m
M ◦mM )n = Σ
0
n.
Item (2) follows from the observation that, for n ≥ 1, we have
δ∞(f)n = −
∑f+
n , (m
N ◦ f)n = −
∑f−
n , and (−1)
|f |(f ◦mM )n =
∑f0
n .
Proposition 9.6. Let A be an A∞-algebra. Then, the category GMod
0-A is
additive with split idempotents. Denote by E0 the class of composable morphisms
M
f
−−→E
g
−−→N in GMod0-A such that g ◦ f = 0 and
0−−→M
f1
−−→E
g1
−−→N−−→0
is an exact sequence in GMod-S. Then we have:
1. The pair (GMod0-A, E0) is an exact category. The class E0 consists of the
split exact pairs in GMod0-A.
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2. A morphism f :M−−→E in GMod0-A is an E0-inflation iff f1 :M−−→E
is injective.
3. A morphism g : E−−→N in GMod0-A is an E0-deflation iff g1 : E−−→N
is surjective.
Proof. Recall that the coalgebra BA = (TS(A[1]), µ, ǫ, δ) associated by the bar
construction to the A∞-algebra A is a triangular differential graded S-bocs.
Then, we have (6.7) and (6.11), and we can translate them to GMod0-A with
the equivalence G : GMod0-A−−→GMod0-BA.
Proposition 9.7. Let A be an A∞-algebra. Then, the category Mod∞-A is ad-
ditive with split idempotents. Denote by E∞ the class of composable morphisms
in Mod∞-A
(M,mM )
f
−−→ (E,mE)
g
−−→ (N,mN )
such that g ◦ f = 0 and the short sequence of first components
0 −−→ M
f1
−−→ E
g1
−−→ N −−→ 0
is an exact sequence in GMod-S. Then we have the following.
1. The pair (Mod∞-A, E∞) is an exact category. The class E∞ coincides with
the class of composable morphisms such that when we forget the second
components of the objects, we have a split exact pair in GMod0-A.
2. A morphism f : (M,mM )−−→(E,mE) in Mod∞-A is an E∞-inflation iff
f1 :M−−→E is injective.
3. A morphism g : (E,mE)−−→(N,mN ) in Mod∞-A is an E∞-deflation iff
g1 : E−−→N is surjective.
4. The functor G : (Mod∞-A, E∞)−−→(TGMod
0-BA, E) is an equivalence of
exact categories.
Proof. As before, the S-coalgebra BA associated by the bar construction to
the A∞-algebra A is a triangular differential graded S-bocs. Then, we can
apply (6.7) to TGMod0-BA. Moreover, we can translate (7.5) to Mod∞-A =
TGMod0-A with the equivalence functor G : Mod∞-A−−→TGMod
0-BA.
Remark 9.8. Given an A∞-algebra A, as we did in (7.7), we can associate to
any given M ∈ GMod-A the homogeneous isomorphism σM : M−−→M [1] in
GMod-A of degree −1 such that σM = {σn}n∈N, where σ1 := σM :M−−→M [1]
and, for n ≥ 2, σn := 0 :M ⊗A
⊗(n−1)−−→M [1].
Lemma 9.9. Let A be an A∞-algebra. Then, we have:
1. For each M ∈ GMod-A, make T (M) = M [1] and, for any morphism
f :M−−→N in GMod-A, make
T (f) = f [1] = σN ◦ f ◦ σ
−1
M :M [1]−−→N [1] in GMod-A.
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Then, we have an autofunctor T : GMod-A−−→GMod-A with inverse T−1
given by T−1(M) =M [−1] and
T−1(f) = f [−1] = σ−1
N [−1] ◦ f ◦ σM [−1] :M [−1]−−→N [−1] in GMod-A.
It is called the shifting autofunctor of GMod-A.
2. For each (M,mM ) ∈ TGMod-A, make T (M,mM ) = (M [1],−mM [1])
and, for any morphism f : (M,mM )−−→(N,mN ) in GMod-A, make
T (f) = f [1] = σN◦f◦σ
−1
M : (M [1],−m
M [1])−−→(N [1],−mN [1]) in TGMod-A.
Then, we have an autofunctor T : TGMod-A−−→TGMod-A with inverse
T−1 given by T−1(M,mM ) = (M [−1],−mM [−1]) and
T−1(f) = f [−1] = σ−1
N [−1]◦f◦σM [−1] : (M [−1],−m
M [−1])−−→(N [−1],−mN [−1]).
It is called the shifting autofunctor of TGMod-A.
3. The functor G : GMod-A−−→GMod-BA commutes with the correspond-
ing shifting autofunctors, and the functor G : TGMod-A−−→TGMod-BA
commutes with the corresponding shifting autofunctors.
4. Furthermore, the shifting functor T : (Mod∞-A, E∞)−−→(Mod∞-A, E∞)
is an automorphism of exact categories. As a consequence, T and T−1
preserve the classes of E∞-injectives and E∞-projectives.
Proof. It follows from (7.8).
Proposition 9.10. For (M,mM ) ∈ TGMod-A, we write mM [1] := −mM [1],
so we have T (M,mM ) = (M [1],mM [1]). There is an endofunctor
J : TGMod-A−−→TGMod-A
such that, for any (M,mM ) ∈ TGMod-A we have
J(M,mM ) = (M ⊕M [1],
(
mM σ−1M
0 mM [1]
)
)
and, given a morphism f : (M,mM )−−→(N,mN ) in TGMod-A, the morphism
J(f) is given by the matrix
J(f) =
(
f 0
0 f [1]
)
: J(M,mM )−−→J(N,mN ).
The equivalence G : TGMod-A−−→TGMod-BA satisfies GJ = JG.
Moreover, there are natural transformations α : idMod∞-A−−→J and β :
J−−→T of endofunctors of Mod∞-A such that, for each M = (M,m
M ) ∈
Mod∞-A, we have an E∞-conflation
M
αM
−−→ J(M)
βN
−−→ T (M).
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For M ∈ Mod∞-A, the morphisms αM and βM are strict morphisms with
(αM )1 = (idM , 0)
t :M−−→M ⊕M [1]
and
(βM )1 = (0, idM [1]) :M ⊕M [1]−−→M [1].
Then, the categoryMod∞-A has enough E∞-projectives and enough E∞-injectives
and, moreover, the class of E∞-projectives coincides with the class of E∞-injectives.
So, we obtain that Mod∞-A is a special Frobenius category.
Proof. It follows from (7.9), and (7.12), which are translated into Mod∞-A with
the help of the functor G. Then, we use (9.7) and (9.9).
Lemma 9.11. Let A be an A∞-algebra. Then, we have the following explicit
descriptions for the shifting functor T and the functor J .
1. Given (M,mM ) ∈ TGMod-A, its translate (M,mM )[1] = (M [1],mM [1])
is given for each n ∈ N, by
mM [1]n = (−1)
nσMm
M
n (σ
−1
M ⊗ id
⊗(n−1)).
2. Given a morphism f : (M,mM )−−→(N,mN ) in TGMod-A, its translate
f [1] : (M [1],mM [1])−−→(N [1],mN [1]) is given, for each n ∈ N, by
f [1]n = (−1)
n−1σNfn(σ
−1
M ⊗ id
⊗(n−1)).
3. Given (M,mM ) ∈ TGMod-A, we have J(M,mM ) = (M ⊕M [1],mJ(M)),
where
mJ(M)n : M ⊗A
⊗(n−1) ⊕M [1]⊗A⊗(n−1)−−→M ⊕M [1]
with
m
J(M)
1 =
(
mM1 σ
−1
M
0 −mM1 [1]
)
and mJ(M)n =
(
mMn 0
0 −mMn [1]
)
for n ≥ 2.
4. Given a morphism f : (M,mM )−−→(N,mN ) in TGMod-A, its translate
J(f) : (M ⊕M [1],mJ(M))−−→(N ⊕N [1],mJ(N)) is given, for each n ∈ N,
by
J(f)n :M ⊗A
⊗(n−1) ⊕M [1]⊗A⊗(n−1)−−→M ⊕M [1]
with matrix
J(f)n =
(
fn 0
0 (−1)n−1σNfn(σ
−1
M ⊗ id
(n−1))
)
.
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Proof. (1) and (2): It will be enough to show that for any morphism f : M−−→N
in GMod-A, its translate f [1] : M [1]−−→N [1] in GMod-A is given, for each
n ∈ N, by
f [1]n = (−1)
n−1σNfn(σ
−1
M ⊗ id
⊗(n−1)).
Indeed, from the definition of f [1] and of the composition in GMod-A, we have
f [1]n = (σN ◦ f ◦ σ
−1
M )n
=
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(|f◦σ
−1
M
|+r+1)s(σN )1+s((f ◦ σ
−1
M )r ⊗ id
⊗s)
= σN (f ◦ σ
−1
M )n
= σN (
∑
r + s = n
r ≥ 1; s ≥ 0
(−1)(|σ
−1
M |+r+1)sf1+s((σ
−1
M )r ⊗ id
⊗s)
= (−1)n−1σNfn(σ
−1
M ⊗ id
⊗(n−1)).
Items (3) and (4) clearly follow from (1) and (2).
Remark 9.12. Let A be an A∞-algebra and consider a pair of morphisms f, g ∈
HomMod∞-A((M,m
M ), (N,mN )). Then, there is a homotopy h = {hn}n∈N from
f to g, as in definition (1.4), iff there is a morphism h ∈ Hom−1GMod-A(M,N)
satisfying
f − g = δ∞(h) +m
N ◦ h+ h ◦mM .
Indeed, the preceding formula translates into the usual formulas given in (1.4):
For n ≥ 1, we have δ∞(h)n = H
(3)
n , (mN ◦ h)n = H
(1)
n , and (h ◦mM )n = H
(2)
n .
Proposition 9.13. Let A be an A∞-algebra. Then, the functor
G : Mod∞-A−−→TGMod
0-BA
preserves and reflects homotopies. Therefore, it induces an equivalence of these
categories modulo homotopy
G : Mod∞-A−−→TGMod
0-BA
Definition 9.14. Let A be an A∞-algebra. Then, a sequence of morphisms
(M,mM )
f
−−→(E,mE)
g
−−→(N,mN )
h
−−→T (M,mM )
in the homotopy category Mod∞-A such that
ξ : (M,mM )
f
−−→(E,mE)
g
−−→(N,mN )
is an exact pair in E∞ and we have a commutative diagram of the form
ξ : (M,mM )
f
−−→ (E,mE)
g
−−→ (N,mN )
‖
y h
y
ξM : (M,m
M )
αM−−→ J(M,mM )
βM
−−→ T (M,mM )
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in Mod∞-A is called a canonical triangle in Mod∞-A. Now, consider the class
T∞ of sequences of morphisms
X
u
−−→Y
v
−−→Z
w
−−→TX
in Mod∞-A which are isomorphic to canonical triangles. That is, there is a
canonical triangle M
f
−−→E
g
−−→N
h
−−→TM and isomorphisms a, b, c such that
the following diagram commutes
X
u
−−→ Y
v
−−→ Z
w
−−→ TX
a
y b
y c
y T (a)
y
M
f
−−→ E
g
−−→ N
h
−−→ TM.
The elements of T∞ are called the triangles of Mod∞-A.
As in (7.16), the next statement follows from the general result for special
Frobenius categories.
Theorem 9.15. Let A be an A∞-algebra and consider its associated differential
tensor S-bocs BA. The stable category Mod∞-A with the automorphism T and
the class of triangles T∞ defined above is a triangulated category. The functor
G : Mod∞-A−−→TGMod
0-BA induces an equivalence of triangulated categories
G : Mod∞-A−−→TGMod
0-BA.
From the preceding theorem and (8.4), we immediately obtain the following
important statement, see [6](5.2).
Theorem 9.16. Assume that S is a finite product of copies of the field k and
let A be an A∞-algebra. Then, every quasi-isomorphism of A∞-modules is a
homotopy equivalence, hence an invertible morphism in Mod∞-A.
10 Restriction functors for A∞-modules
In this section we show how the result (5.5) on restriction functors for triangular
differential graded S-bocses translates into the corresponding result for restric-
tion functors for A∞-algebras. We start by recalling the following link between
homotopies in Alg∞ and DGCoalg, as defined in (1.5) and (5.1).
Lemma 10.1. The functor Ψ : Alg∞−−→DGCoalg preserves and reflects null-
homotopic morphisms.
For the sake of completeness, we notice that this follows, for instance, from
the following statement.
Lemma 10.2. Given morphisms of A∞-algebras f, g : A−−→B and d ∈ Z,
we consider the set Hd∞(A,B) formed by the families h = {hn}n∈N, such that,
for each n ∈ N, the map hn : A
⊗n−−→B is a homogeneous morphism of S-S-
bimodules of degree |hn| = d+ 1− n. Make φ := Ψ(f) and ψ = Ψ(g). Then,
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1. We have a linear isomorphism
∆ = ∆f,g : H
d
∞(A,B)−−→Coder
d
φ,ψ(BA,BB)
constructed as follows. Given h ∈ Hd∞(A,B), we consider the morphism
of S-S-bimodules ĥ : TS(A[1])−−→B[1] of degree |ĥ| = d determined by
the commutativity of the squares
A⊗n
σ
⊗n
A−−→ A[1]⊗n
hn
y
yĥn
B
σB−−→ B[1].
Then, consider the Ψ(f)-Ψ(g)-coderivation ∆(ĥ) : TS(A[1])−−→TS(B[1])
given by ĥ and the universal property of the reduced tensor S-coalgebra
TS(A[1]). Finally, extend ∆(ĥ) to a Ψ(f)-Ψ(g)-coderivation of degree d
∆(h) : TS(A[1])−−→TS(B[1]).
2. If h ∈ H−1∞ (A,B), with the notation of (1.5), we have
h⊙ := H(h)−Hf,g(h) ∈ H
0
∞(A,B).
3. We have Ψ(f)−Ψ(g) ∈ Coder0φ,ψ(BA,BB).
4. For any φ-ψ-coderivation ξ ∈ Coder−1φ,ψ(BA,BB), we have
ξ⊙ := δBξ + ξδA ∈ Coder
0
φ,ψ(BA,BB).
5. For any h ∈ H−1∞ (A,B), we have ∆(h
⊙) = ∆(h)⊙.
6. We have ∆(f − g) = φ− ψ.
7. The map ∆ induces a bijection between the homotopy sets H(f, g) and
H(φ, ψ).
As a consequence, the morphisms f and g are homotopic in Alg∞ if and only
if the morphisms φ and ψ are homotopic in DGCoalg.
Proof. The map Hd∞(A,B)−−→Hom
d
GMod-S-S(TS(A[1]), B[1]) is clearly an iso-
morphism, and so is the map
∆ : HomdGMod-S-S(T S(A[1]), B[1])−−→Coder
d
Ψ(f),Ψ(g)
(T S(A[1]), TS(B[1]))
given by the universal property of the reduced tensor S-coalgebra. Recall that
the inverse of ∆maps each coderivation ξ onto pBξ, where pB : TS(B[1])−−→B[1]
is the projection. Finally, the extension ∆(ĥ) 7→ ∆(h) is also bijective.
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(2)–(4) are easy to show. In order to show (5), take h ∈ H−1∞ (A,B). Make
∆(ĥ)⊙ := δB∆(hˆ)+∆(hˆ)δA. Notice that it will be enough to show the equality
∆(ĥ⊙) = ∆(ĥ)⊙. Since both terms are φ-ψ-coderivations, it will be enough to
show that pB∆(ĥ⊙)n = pB∆(ĥ)
⊙
n , for all n ≥ 1. This means that
(ĥ⊙)n = pB(δB∆(ĥ) + ∆(ĥ)δA)n, for all n ≥ 1.
We have pB(δB∆(hˆ) + ∆(hˆ)δA)n = Dn +Rn where
Dn = pBδB∆(hˆ)n and Rn = pB∆(hˆ)(δA)n.
From explicit description of ∆(ĥ), we have
Dn =
∑
r, t ≥ 0; s ≥ 1
i1 + · · · + ir + s
+j1 + · · ·+ jt = n
pBδB(fˆi1 ⊗ · · · ⊗ fˆir ⊗ hˆs ⊗ gˆj1 ⊗ · · · ⊗ gˆjt)
=
∑
r, t ≥ 0; s ≥ 1
i1 + · · · + ir + s
+j1 + · · ·+ jt = n
m̂Br+1+t(fˆi1 ⊗ · · · ⊗ fˆir ⊗ hˆs ⊗ gˆj1 ⊗ · · · ⊗ gˆjt)
and
Rn =
∑
r + s + t = n
r, t ≥ 0; s ≥ 1
pB∆(hˆ)(id
⊗r ⊗ m̂As ⊗ id
⊗t)
=
∑
r + s + t = n
r, t ≥ 0; s ≥ 1
hˆr+1+t(id
⊗r ⊗ m̂As ⊗ id
⊗t).
We have
σ−1B Rnσ
⊗n
A =
∑
r + s+ t = n
r, t ≥ 0; s ≥ 1
(−1)r+sthr+1+t(id
⊗r ⊗mAs ⊗ id
⊗t) = H(h)n.
Moreover, we have
σ−1B Dnσ
⊗n
A =
∑
r, t ≥ 0; s ≥ 1
i1 + · · · + ir + s
+j1 + · · · + jt = n
σ−1B m̂
B
r+1+tZn(i1, . . . , ir, s, j1, . . . , jt)
where
Zn(i1, . . . , ir, s, j1, . . . , jt) = (fˆi1 ⊗ · · · ⊗ fˆir ⊗ hˆs ⊗ gˆj1 ⊗ · · · ⊗ gˆjt)σ
⊗n
A .
Fix a vector v = (i1, . . . , ir, s, j1, . . . , jt) and let us examine Zn(v). We have
(fˆi1 ⊗· · ·⊗ fˆir ⊗ hˆs⊗ gˆj1 ⊗· · ·⊗ gˆjt)(σ
⊗i1
A ⊗· · ·⊗σ
⊗ir
A ⊗σ
⊗s
A ⊗σ
⊗j1
A ⊗· · ·⊗σ
⊗jt
A )
equals
(−1)sgn
′
(fˆi1σ
⊗i1
A ⊗ · · · ⊗ fˆirσ
⊗ir
A ⊗ hˆsσ
⊗k
A ⊗ gˆj1σ
⊗j1
A ⊗ · · · ⊗ gˆjtσ
⊗jt
A )
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and
(−1)sgn
′
(σBfi1 ⊗ · · · ⊗ σBfir ⊗ σBhs ⊗ σBgj1 ⊗ · · · ⊗ σBgjt),
where sgn′ =
∑r
u=1 iu. The last term equals
(−1)sgn(i1,...,ir ,s,j1,...,jt)σ
⊗(r+1+t)
B (fi1 ⊗ · · · ⊗ fir ⊗ hs ⊗ gj1 ⊗ · · · ⊗ gjt),
where the sign was defined in (1.5). Hence, σ−1B Dnσ
⊗n
A = Hf,g(h)n
Therefore, for n ≥ 1, we get σ−1B (Dn +Rn)σ
⊗n
A = (h
⊙)n, or, equivalently,
pB(δB∆(hˆ) + ∆(hˆ)δA)n = (ĥ⊙)n.
(6): Since Ψ(f) − Ψ(g) is a Ψ(f)-Ψ(g)-coderivation, from (1), in order to
prove that Ψ(f)−Ψ(g) = ∆(f̂ − g), we have to show that
pB(Ψ(f)−Ψ(g))n = pB∆(f̂ − g)n, for all n ∈ N.
This is clear, because, for n ∈ N, both terms coincide with f̂n − ĝn.
(7): If h is a homotopy from f to g, then f − g = h⊙. Then, we have
Ψ(f)−Ψ(g) = ∆(f̂ − g) = ∆(ĥ⊙) = ∆(ĥ)⊙ = δBξ + ξδA,
where ξ = ∆(ĥ) is a homotopy from Ψ(f) to Ψ(g).
Conversely, if ξ : CA−−→CB is a homotopy from Ψ(f) to Ψ(g), we have
ξ = ∆(ĥ), for some h ∈ H−1∞ (A,B) and
∆(f̂ − g) = Ψ(f)−Ψ(g) = δAξ + ξδB = ∆(ĥ)
⊙ = ∆(ĥ⊙).
It follows that f − h = h⊙, so h is a homotopy from f to g.
Proposition 10.3. Let A and B be A∞-algebras and consider a morphism
φ : A−−→B of A∞-algebras. Then,
1. The morphism φ induces a restriction functor of differential graded cate-
gories
Rφ : GMod-B−−→GMod-A
defined as follows. Given M ∈ GMod-B, the A-module Rφ(M) = M .
Given a morphism f : M−−→N in GMod-B, the morphism Rφ(f) =
{Rφ(f)n}n∈N : Rφ(M)−−→Rφ(N) in GMod-A is given, for n ≥ 2, by
Rφ(f)n =
∑
1 ≤ r ≤ n− 1
i1 + · · · + ir = n− 1
(−1)sgn(i1,...,ir)fr+1(idM ⊗ φi1 ⊗ · · · ⊗ φir ),
and Rφ(f)1 = f1, where sgn(i1, . . . , ir) is as in (1.1).
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2. The morphism φ induces a restriction functor of graded categories
Rφ : TGMod-B−−→TGMod-A.
If (M, {mMn }) ∈ TGMod-B, by definition, Rφ(M,m
M ) = (M,Rφ(m
M )).
Given a morphism f : (M,mM )−−→(N,mN ) in TGMod-B, the morphism
Rφ(f) = {Rφ(f)n}n∈N : Rφ(M)−−→Rφ(N) in GMod-A is in fact a mor-
phism Rφ(M,m
M )−−→Rφ(N,m
N ) in TGMod-A.
3. Let BA and BB denote the reduced tensor S-coalgebras associated to A
and B respectively, and denote by BA and BB the corresponding tensor
S-coalgebras. Then the morphism of A∞-algebras φ : A−−→B determines
a morphism of differential S-coalgebras Ψ(φ) : BA−−→BB, which extends
to a morphism Ψ(φ) : BA−−→BB, as in (5.2). Then, we have commutative
squares of functors
GMod-B
GB−−→ GMod-BB
Rφ
y RΨ(φ)
y
GMod-A
GA−−→ GMod-BA
and
TGMod-B
GB−−→ TGMod-BByRφ
yRΨ(φ)
TGMod-A
GA−−→ TGMod-BA.
where GA and GB are the functors defined in (9.2) and (9.4).
4. Moreover, Rφ maps null-homotopic morphisms of Mod∞-B onto null-
homotopic morphisms of Mod∞-A. So, it induces a functor Rφ and a
commutative square of functors
Mod∞-B
GB−−→ TGMod0-BB
Rφ
y
yRΨ(φ)
Mod∞-A
GA−−→ TGMod0-BA.
Proof. In order to prove (1), it is enough to show the commutativity of the
first diagram in (3), because we already know that RΨ(φ) is a functor and GA
and GB are equivalences, and they all preserve the differentials of the categories.
Clearly, GARφ and RΨ(φ)GB coincide on objects. Take a morphism f : M−−→N
in GMod-B and let us show that GARφ(f) = RΨ(φ)GB(f). For this we have
to show that, for each n ≥ 0, we have GA(Rφ(f))n = RΨ(φ)GB(f)n. Since
RΨ(φ)GB(f)n = RΨ(φ)(f̂)n = f̂(idM [1] ⊗ Ψ(φ))n, the former is equivalent to
show that R̂φ(f)n = f̂(idM [1]⊗Ψ(φ))n. For this we will show that the following
diagrams commute
M ⊗S A
⊗n σM⊗σ
⊗n
−−−−−−→ M [1]⊗S A[1]
⊗n
Rφ(f)n+1
y fˆ(idM[1]⊗Ψ(φ))n
y
N
σN−−−−→ N [1]
and
M
ζσM
−−−→ M [1]⊗S SyRφ(f)1
yfˆ(idM[1]⊗Ψ(φ))0
N
σN−−−−→ N [1],
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where n runs in N and ζ :M [1]−−→M [1]⊗S S is the canonical isomorphism.
Recall that, for n ≥ 1, we have
Ψ(φ)n =
∑
1 ≤ r ≤ n
i1 + · · · + ir = n
φ̂i1 ⊗ · · · ⊗ φ̂ir ,
where φ̂iσ
⊗i = σφi, for all i ∈ N. Then, if Q := f̂(idM [1] ⊗Ψ(φ))n(σM ⊗ σ
⊗n),
we have
Q =
∑
1 ≤ r ≤ n
i1 + · · ·+ ir = n
f̂r(idM [1] ⊗ φ̂i1 ⊗ · · · ⊗ φ̂ir )(σM ⊗ σ
⊗n)
=
∑
1 ≤ r ≤ n
i1 + · · ·+ ir = n
f̂r(σM ⊗ φ̂i1σ
⊗i1 ⊗ · · · ⊗ φ̂irσ
⊗ir )
=
∑
1 ≤ r ≤ n
i1 + · · ·+ ir = n
f̂r(σM ⊗ σφi1 ⊗ · · · ⊗ σφir )
=
∑
1 ≤ r ≤ n
i1 + · · ·+ ir = n
(−1)sgnf̂r(σM ⊗ σ
⊗r)(idM ⊗ φi1 ⊗ · · · ⊗ φir )
=
∑
1 ≤ r ≤ n
i1 + · · ·+ ir = n
(−1)sgnσNfr+1(idM ⊗ φi1 ⊗ · · · ⊗ φir )
= σNRφ(f)n+1.
For n = 0, we have
f̂(idM [1] ⊗Ψ(φ))0ζσM = f̂0(σM ⊗ 1) = f̂0ζσM = σNf1 = σNRφ(f)1.
(2) and the commutativity of the second square in (3) follow from the com-
mutativity of the first square and the fact that TGMod-A is constructed from
GMod-A in a similar way that TGMod-BA is constructed from GMod-BA, using
the corresponding differentials, and the functor Rφ : TGMod-B−−→TGMod-A
is constructed from Rφ : GMod-B−−→GMod-A in a similar way that the func-
tor RΨ(φ) : TGMod-BB−−→TGMod-BA is constructed from the functor RΨ(φ) :
GMod-BB−−→GMod-BA.
(4) Given morphisms f, g : (M,mM )−−→(N,mN ) in Mod∞-A, hence in
TGMod0-A, any homotopy h from f to g is a homogeneous morphism in
GMod-A with degree |h| = −1 and is mapped by the restriction functor Rφ :
GMod-B−−→GMod-A onto the homotopy Rψ(h) from Rψ(f) to Rψ(g), see
(9.12). Hence, there is an induced functor Rφ which clearly makes the diagram
of (4) to commute.
Corollary 10.4. Let f, g : A−−→B be homotopic morphisms of A∞-algebras.
Then, there is an isomorphism of functors
Rf
∼= Rg
where Rf , Rg : Mod∞-B−−→Mod∞-A are the functors induced on the homo-
topy categories by the restriction functors Rf , Rg : Mod∞-B−−→Mod∞-A, re-
spectively. Any homotopy equivalence f : A−−→B of A∞-algebras determines
an equivalence of categories Rf : Mod∞-B−−→Mod∞-A.
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Proof. Let BA and BB be the differential tensor S-coalgebras (or differential
tensor S-bocses) associated to A and B, respectively. Then, φ = Ψ(f) and
ψ = Ψ(g) are homotopic morphisms of graded S-coalgebras BA−−→BB. We
have the following commutative diagram
Mod∞-B
GB−−→ TGMod0-BB
Rf
y
yRφ
Mod∞-A
GA−−→ TGMod0-BA,
and similarly for the morphisms g and ψ. From (5.4), we know there is an
isomorphism of functors Rφ
∼= Rψ . Denote by G
′
A a quasi inverse for the
equivalence GA. From the isomorphism of functors RφGB
∼= RψGB, we obtain
Rf
∼= G′AGARf = G
′
ARφGB
∼= G′ARψGB = G
′
AGARg
∼= Rg.
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